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RÉSUMÉ

Le but de ces Mémoire d’Habilitation est de présenter les résultats scientifiques que j’ai obtenus
depuis ma thèse de doctorat, en mettant l’accent sur leur contribution au programme de Langlands
modulo p et à sa compatibilité locale-globale dans la cohomologie des variétés arithmétiques.

ABSTRACT

The goal of these Mémoire d’Habilitation is to present the scientific results I have obtained since
my Ph. D. thesis, with a special emphasis to their contribution to the mod p local Langlands
program and the local-global compatibility in the cohomology of arithmetic manifolds.

MOTS-CLÉS : Formes automorphes, représentations Galoisiennes, théorie de Hodge p-adique,
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Nella stessa misura desidero ringraziare Mattew Emerton, per il dono della sua visione pro-
fonda della natura (leggasi : della coomologia completata), le nostre discussioni durante le mie
numerose visite a Chicago. Con lui, voglio esprimere la mia riconoscenza e debito a Toby Gee, che
insieme a Matthew e Christophe, ha accettato di farsi relatore della mia Mémoire d’Habilitation.
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1. Motivation: the mod p local Langlands correspondence

Let p, ` be rational primes and �x algebraic closures Qp, Q` of Qp, Q`

respectively. Let L/Q` be a �nite extension. The local Langlands correspon-
dence, proved independently by work of Harris and Taylor [HT01] and Hen-
niart [Hen00] (cf. also the more recent work of Scholze [Sch13]) gives a unique
family of bijections

Irreducible and smooth

representations of GLn(L)

with Qp-coe�cients

 recn,K−→


Frobenius semisimple

Weil-Deligne representations

of WL, n-dimensional over Qp


π ←→ recn,K(π)

which are compatible with L- and ε-factors of pairs, and satisfy natural com-
patibilities with contragradient, twist by characters, central character and local
class �eld theory.

Work of Grothendieck [Gro01] shows that, as long as ` 6= p, the Galois
side of the local correspondence can be reformulated in terms of continuous

representations of GL
def
= Gal(Q`/L) (at the price of restricting the local cor-

respondence above to the set of bounded Frobenius semisimple Weil-Deligne
representations), while we can restrict to integral irreducible smooth repre-
sentations of GLn(L) on the representation theoretic side (i.e. consider `-adic
Banach space representations), by more recent result of Vignéras [Vig10]. This
can be seen, in a sense which will be made more precise below, as a byproduct
of the compatibility between the local correspondence and the cohomology of
arithmetic manifolds.

In the 2-dimensional case the global geometric realization of the local cor-
respondence for ` 6= p was discovered by Carayol ([Car86]) and, years later,
by Saito ([Sai09]) when ` = p. Let F+ be a totally real �eld. For expository
reasons we assume that [F+ : Q] > 1 is odd. Let G = ResF+/QB

∗, for a

quaternion algebra B with center F+, which is split at exactly one in�nite
place, and which is split at all �nite places. Given a compact open subgroup
K ≤ G(A∞F+) we consider the Shimura curve Y (K) over F+ whose complex
points are given by

Y (K)(C) ∼= G(F+)\G(A∞F+)× (C \R)/K.

Shrinking the level K, the étale cohomology groups H1
ét(Y (K)Q,Qp) form

an inductive system endowed with a Galois action. The classical local/global
compatibility statement has now the following incarnation:

Theorem 1.1 ([Car86]). � We keep the hypotheses above and we moreover
�x an isomorphism ıp : Qp → C. We have a GF+ × G(A∞F+) equivariant
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isomorphism

lim−→
K

H1
ét(Y (K)Q,Qp)

∼=
⊕

Π

ı−1
p (Π∞)⊗ rΠ

where the limit runs over compact open subgroups K of G(A∞F+), the direct sum
runs over parabolic automorphic representations Π of G(AF+) with prescribed
conditions at in�nite places and rΠ is the GF+-representation attached to Π
(and ıp) as in [Car86].

Moreover for each �nite place v of F+ such that v - p we have an isomor-
phism

WDv(rΠ|G
F+
v

)F−ss ∼= rec2,F+
v

(
ı−1
p (Πv)

)
.

A few comments here. We wrote WDv(rΠ|G
F+
v

)F−ss to denote Frobenius

semisimpli�cation of the Weil-Deligne representation which is attached to rΠ|G
F+
v

by Grothendieck `-adic monodromy theorem if v - p. The smooth GLn(F+
v )-

representation Πv is the local constituent at v in the decomposition Π∞ =⊗′
v �nite

Πv. The prescribed condition for the local component of Π at in�nite

places is completely explicit, requiring the in�nitesimal character of the (g∞, k∞)-
module associated to Π∞ to be trivial.

Describing the behavior of rΠ|G
F+
v

at places v|p is more recent and re-

quires tools from p-adic Hodge theory. Even though these are completely dif-
ferent in nature from those used by Grothendieck in ([Gro01]), a procedure of
Fontaine (cf. e.g. [PR95], App. C.1.4) lets us de�ne a Weil-Deligne representa-
tion WDv(rΠ|G

F+
v

) at places above p. We then have the following local/global

compatibility at ` = p:

Theorem 1.2 ([Sai09]). � We keep the hypotheses and setting of Theorem
1.1 For each �nite place v of F+ such that v | p we have an isomorphism

WDv(rΠ|G
F+
v

)F−ss ∼= rec2,F+
v

(
ı−1
p (Πv)

)
.

Since then much progress has been made. Given a CM �eld F/Q we can
now associate to a cohomological conjugate self-dual algebraic cuspidal au-
tomorphic representation Π of GLn(AF ) a continuous Galois representation
rΠ : GF → GLn(Qp), which moreover satis�es the local/global compatibility

principle WDv(rΠ|GFv
)F−ss ∼= recn,Fv ı

−1
p (Πv) at all �nite places v of F . (This

requires geometric methods issued from the étale cohomology of Shimura va-
rieties over CM �elds, as pionereed by work of Clozel [Clo91], in turn reliying
on [Kot92], and subsequently developed in full generality by [Shi11], [CH13],
[BLGGT14], [Car14].)

It is at this point that the p-adic local Langlands program comes into
play. By Fontaine's theory, many non-isomorphic de Rham representations
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ρv : GFv → GLn(Qp) can have isomorphic Weyl-Deligne representation, the
reason being that WDv(ρv) is not equivalent to the datum of the weakly ad-
missible �ltered (ϕ,N,GFv)-module Dpst(ρv) (the Hodge �ltration has been
forgotten in WDv(ρv)). In particular the local component Πv of the automor-
phic representation Π is not su�cient to reconstruct the local Galois parameter
rΠ|Fv at places v above p.

The p-adic local Langlands program aims at giving a representation-theoretical
incarnation of p-adic Hodge theory. Even more, given a continuous Galois rep-
resentation ρv : GFv → GLn(Qp) (resp. ρv : GFv → GLn(Fp)) one would like

to de�ne a p-adic Banach space representation Π(ρv) of GLn(Fv) overQp (resp.
a smooth GLn(Fv) representation π(ρv) over Fp) in a way which is compati-
ble with the classical local Langlands correspondence and with cohomological
constructions, and such that the isomorphism class of Π(ρv) (resp. π(ρv)) is
uniquely determined by the isomorphism class of ρv (resp. ρv).

At the present time the p-adic local Langlands correspondence has been
deeply understood in the case of GL2(Qp) ([Col10], [Eme], [CDP14], [DLB]...
see [Ber11] for an overview). One of the main problems in further general-
izations of the local correspondence is that there are not yet enough tools
to give a satisfactory classi�cation of p-adic Banach space representations of
GLn(Fv) over Qp. (Progress in the study of locally analytic representations

of GLn(Fv) over Qp has been made in a recent series of papers [Bre15b],
[BHS17], [BHS]). In the mod p setting we do have a complete classi�cation
of smooth GLn(Fv) representations over Fp in terms of supercuspidal represen-
tations ([Her11], now generalized further in [AHHV17]); unfortunately even
a conjectural classi�cation of supercuspidal representations beyond GL2(Qp)
seems far out of reach as for now.

In order to contour this di�culty, and since the local correspondence is
expected to satisfy a local/global compatibility principle, a fruitful approach
consists in studying those GLn(Fv) representations which are obtained from
the integral cohomology of arithmetic manifolds.

Let us be more precise and focus on the mod-p situation. We again �x a CM
�eld F/F+ and let G/F+ be a unitary group such that G ×F+ F ∼= GLn and

G(F+
v ) ∼= U(n)(R) at all in�nite places v of F+. For simplicity of exposition

we assume that p is inert in F+, and splits completely in F . In particular by
letting p = wwc in F then F+

p
∼= Fw and G(F+

p ) ∼= GLn(Fw); we �x such a

choice of w|p in what follows. For a compact open subgroup Kp ≤ G(A
(∞,p)
F+ )

we consider the space of algebraic automorphic forms with in�nite level at p:
(1.1)

S(Kp,Fp) :=
{
f : G(F+)\G(A

(∞)
F+ )/Kp → Fp | f is locally constant

}
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which is a smooth admissible representation of G(F+
p ) ∼= GLn(Fw) over Fp

([Eme06]). Let P denote the set of �nite primes w′ ∈ F such that w′|F+

is split in F and moreover Kw′|F+
is the standard maximal compact (recall

the isomorphism G(Fw′|F+
) ∼= GLn(Fw′)). The space (1.1) is endowed with

the action of the anemic Hecke algebra TP generated by the spherical Hecke

operators attached to the places w′ ∈ P. In particular the faithful quotient T
P

of TP acting on S(Kp,Fp) is a semilocal Fp-algebra and we have an Hecke
equivariant decomposition

S(Kp,Fp) =
⊕

m∈Spm(T
P

)

S(Kp,Fp)m.

The scenario suggested by the mod p local Langlands correspondence is the
following. Assume, up to shrinking TP , that there exists a maximal ideal m ∈
Spm(TP) such that S(Kp,Fp)m 6= 0 and a continuous Galois representation

rm : GF → GLn(Fp) satisfying

det
(
1− r∨m(Frobw′)X

)
=

n∑
j=0

(−1)j(NF/Q(w′))(
j
2)T

(j)
w′ X

j mod m

for all w′ ∈ P (here, NF/Q denotes the norm of F over Q). Then one would
expect

S(Kp,Fp)[m] = π(rm|GFw
)np

for an integer np which depends only on rm|GFw′
, w′|F+ 6= p (the local Galois

parameters outside p). Hence the very �rst, necessary questions arise:

1. does the isomorphism class of the smooth representation S(Kp,Fp)[m]
depends only on the local Galois parameter rm|GFw

?

2. What is the GLn(Fw) and the GLn(OFw)-submodule structure of S(Kp,Fp)[m]?
3. Is there a �canonical� way to determine the local Galois parameter rm|GFw

from some representation-theoretic invariants of S(Kp,Fp)[m], e.g. the
socle �ltration with respect to the standard maximal compact subgroup
GLn(OFw), and/or the action of Up-operators together with carefully cho-
sen group algebra operators for GLn(OFw)?

Unfortunately the smooth GLn(Fw)-representation S(Kp,Fp)[m] above is
still poorly understood, except for the GL2(Qp)-case. A �rst crucial step to

describe the structure of S(Kp,Fp)[m] has been provided by the generaliza-
tions of Serre's modularity conjecture ([BDJ10], [Gee11b], [Sch08], [Her09],
[GHS]). In fact, by means of local/global compatibility, the data of the weights
W ?(rm|GFw

) of rm is equivalent to the speci�cation of the GLn(OFw)-socle of

S(Kp,Fp)[m]. Moreover in the case of GL2(Fw) a natural GL2(Fw)-representation
D0(rm|GFw

) (where Fw denotes the residue �eld of Fw) was constructed by
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Breuil and Paskunas ([BP12]), which was conjecturally describing the space
of 1 +$wM2(OFw)-invariants of S(Kp,Fp)[m].

In a similar �avor Breuil suggested a conjecture ([Bre14], Conjecture 1.2)
describing part of the integral cohomology S(Kp,Zp)[p] in terms of the local
parameter rp. In this setting p denotes a minimal prime of TP sitting above

m for which S(Kp,Zp)[p] 6= 0 and rp denotes the representation attached to

the automorphic form Πp de�ned by S(Kp,Qp)[p]. Let τ denote the K-type
associated to the local component at p of Πp, and assume that τ is moreover
tame. Breuil's lattice conjecture is a description of the K-representation which
is cut out by τ inside S(Kp,Zp)[p], and can thus be seen as a description of

the �tame K-typical� part of the integral cohomology S(Kp,Zp)[p].
The above conjectures have been proved in the last few years in the case

of GL2(Fw), providing spectacular progress in our understanding of the in-
tegral cohomology of automorphic forms on unitary groups of rank 2. The
methods in the proofs have so far been global in nature and some of the tech-
niques involve the use of patching functors, functors de�ned on the category
of Zp-valued representations of GLn(OFw) and which produce modules over a
formally smooth modi�cation of local Galois deformation rings (these modules
are typically maximally Cohen-Macaulay over their support), and whose �ber
at the special point reconstructs the space of integral automorphic forms. All
this will be made precise in �4.2 below.

These Mémoires aim at presenting the contribution of the author's recent
work to the mod p local Langlands program, since the conclusion of his Ph.D.
We will �rst address the case of GL2 in �2 (where we use both purely local
methods �2.1, 2.2, and global methods, �2.3) and then consider the situation
for higher rank groups in �3 and 4. In particular Section 3 will be mainly
devoted to local/global compatibility problems in the case of GL3(Qp), with a
special emphasis to Hecke actions. Section 4 describes new methods to study
potentially crystalline deformation rings beyond the Barsotti-Tate or Fontaine-
La�aille situation, with applications to modularity lifting, Serre and Breuil's
conjectures. It also contains new methods (both local and global) to study
lattices inside certain Deligne-Lusztig representations.

In what follows we �x a �nite extension E/Qp, with ring of integers O,
uniformizer $ and residue �eld F. These will be our rings of coe�cients. All
representations will be smooth and realizerd over F-vector spaces, unless dif-
ferently speci�ed. Other notations and conventions will be introduced au fur
et à mesure.
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2. The GL2 situation

In this section we illustrate some progress on the mod p-local Langlands
correspondence for GL2(L), L/Qp being a �nite unrami�ed extension, obtained
in the work [Mor17b], [Mor17a], [LMS].

We start with a natural continuation of some of the questions treated in
the author's Ph.D. thesis, namely the study of invariant spaces, for arbitrarily
deep congruence subgroups, of the atomes automorphes appearing in the mod
p local Langlands correspondence for GL2(Qp). The methods are purely local,
and make crucial use of the presentation of the atomes automorphes appearing
in C. Breuil in [Bre03b].

In the second subsection we adress the problem of extracting torsion F -
modules from certain mod p representations of GL2(L). Again, the method
is purely local, and shows the great number of étale ϕ-modules which can be
extracted from the cokernel of the standard spherical Hecke operator associated
to Serre weights for GL2.

In the third part we adress a problem of local/global compatibility. There
are explicit conjectures on the space of K(1) invariants of the smooth GL2(L)
representations which are expected to appear in a mod p local Langlands corre-
spondence. We consider this problem in �2.3, where we prove that the smooth
representations obtained as Hecke-isotypic spaces of the mod p cohmology of
Shimura curves do satisfy the conjectural behavior on K(1) invariant expected
by Breuil and Paskunas.

2.1. Invariant spaces under rami�ed congruence subgroups in the
GL2(Qp) correspondence. � In this section we address the problem of
computing the invariant spaces, under deeply rami�ed congruence subgroups,
of the non-irreducible smooth mod p representations of GL2(Qp) which nat-
urally appear in the mod p local Langlands correspondence. This is the work
contained in [Mor17b], a natural continuation of part of the author's Ph.D
thesis.

Let ω be the mod p cyclotomic character and unλ the unrami�ed character of
GQp sending the geometric Frobenius to λ ∈ F×. An atome galoisien générique
et réductible (for GQp , of dimension 2 over F) is a Galois representation of the

form
(

δ1 ∗
0 δ2

)
where δ1

def
= ωr+1unλ, r ∈ {1, . . . , p− 3} and δ2

def
= unλ−1 . Via

the inverse Colmez functor this gives a generator Ar,λ of the 1-dimensional
space

Ext1
GL2(Qp)(Ind

GL2(Qp)
B(Qp) δ1 ⊗ δ2ω

−1, Ind
GL2(Qp)
B(Qp) δ2 ⊗ δ1ω

−1)

(and actually the inverse Colmez functor gives us exactly an extension of prin-
cipal series).
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LetK := GL2(Zp). For n ≥ 1 letK(n) be the principal congruence subgroup
of niveau n (i.e. the kernel of the reduction morphism GL2(Zp) � GL2(Zp/p

n))
and let I(n + 1) ≤ K(n) be the subgroup formed by those elements of K(n)
which are upper triangular modulo K(n+ 1).

In the following Theorem we give a complete description of the space of
K(n) and I(n) invariants of Ar,λ in generic cases:

Theorem 2.1 ([Mor17b]). � Let 1 ≤ r ≤ p − 3 and n ≥ 0. The space of
K(n+ 1)-invariants of Ar,λ is described by the exact sequence

0→
(

Ind
GL2(Qp)
B(Qp) δ2 ⊗ δ1ω

−1

)K(n+1)

→
(
Ar,λ

)K(n+1) →

→
(

Ind
GL2(Qp)
B(Qp) δ1 ⊗ δ2ω

−1

)K(n+1)

→ Symr+2F2 ⊗ det−1 → 0.

The space of I(n+ 1)-invariants is described by the exact sequence

0→
(

Ind
GL2(Qp)
B(Qp) δ2 ⊗ δ1ω

−1

)I(n+1)

→
(
Ar,λ

)I(n+1) →

→
(

Ind
GL2(Qp)
B(Qp) δ1 ⊗ δ2ω

−1

)I(n+1)

→ (ωr+1 ⊗ ω−1)⊕ (ω−1 ⊗ ωr+1)→ 0.

Let us further remark that even for r = 0, p ≥ 3 and n = 1 one can
check that the K socle of Ar,λ coincide with the K socle of the principal series

Ind
GL2(Qp)
B(Qp) δ2 ⊗ δ1ω

−1 (the latter being the GL2(Qp) socle of Ar,λ).

Thanks to Emerton's local/global compatibility [Eme] Theorem 2.1 lets us
describe Hecke isotypical spaces of the mod p cohomology of the modular curve
with arbitrary level at p. The following Theorem resumes the global application
of Theorem 2.1 as well as the work of [Mor13] in the supersingular case:

Theorem 2.2 ([Mor17b]). � Let p ≥ 3, r : GQ → GL2(F) a continuous,
odd and absolutely irreducible Galois representation. Let Σ0 be the set of prime
divisor of the Artin conductor of r, κ ∈ {2, . . . , p+ 1} the minimal weight (up
to cyclotomic twist) associated to r and let t ≥ 1. Let Kp ∈ {K(t), I(t)} and
assume κ ∈ {3, . . . , p− 1}.

We �x an admissible level KΣ0 ≤
∏
l∈Σ0

GL2(Z`) for r in the sense of Emerton

and we let m be the maximal ideal associated to r in the anemic spherical
Hecke algebra (outside Σ0 ∪ {p}) acting on the F-valued étale cohomology of
the modular curve

Y
(
KpKΣ0K

Σ0
)
,
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(where KΣ0
def
=

∏
l 6∈Σ0∪{p}

GL2(Z`)). De�ne �nally

d
def
= dimF

( ⊗
`∈Σ0

π(r|GQ`
)
)KΣ0(2.1)

with π(r|GQ`
) being the smooth representation of GL2(Q`) associated to r|GQ`

via the Emerton-Helm normalization ([EH14]) of the mod p local Langlands
correspondence ([Vig01]).

For ptN > 4 we have

dimF

(
H1
ét(Y (KpKΣ0K

Σ0)Q,F)[m]
)

=



2d
(
2pt−1(p+ 1)− 4

)
if Kp = K(t) and r|GQp

is

absolutely irreducible;

2d
(
2(p+ 1)pt−1 − (κ+ 1)

)
if Kp = K(t) and r|GQp

is

absolutely reducible,
non-split;

2d
(
2(2pt−1 − 1)

)
if Kp = I(t).

Note that the value of d can be explicitly described thanks to the work of
Emerton-Helm ([EH14]), Helm [Hel13] and Nadimpalli [Nad] on the com-
patibility of the Artin and automorphic conductors modulo `. For instance if
for all ` ∈ Σ0 the semi-simpli�cation

(
r|GQ`

)ss
is not a twist of 1⊕ω nor 1⊕1,

then the subgroup

K1,Σ0(N)
def
=

{(
a b
c d

)
∈
∏
`∈Σ0

GL2(Z`)| c ≡ d− 1 ≡ 0 modN

}
is an admissible level for r such that d = 1.

2.1.1. Techniques used in the proof. � We brie�y describe the techniques

involved in the proof of Theorem 2.1. Let us write M
def
=
(
Ind

GL2(Qp)
B(Qp) δ2 ⊗

δ1ω
−1
)
|K . By formal arguments in homological algebra and thanks to [BP12],

Theorem 20.3 (stating the injectivity of the K-restriction map for generic
GL2(Qp)-extensions of principal series) we have a compatible system of non-
zero maps

Ext1
GL2(Qp)(Ind

GL2(Qp)
B(Qp) δ1 ⊗ δ2ω

−1, Ind
GL2(Qp)
B(Qp) δ2 ⊗ δ1ω

−1) ↪→(2.2)

↪→ lim
←−
n∈N

Ext1
I

((
indIB(Zp)χra

)Kn+1 ,M
)
→

→ Ext1
K0(pn+1)

(
χra,M

)
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whereK0(pn+1) is the inverse image inK of the standard Borel of GL2(Z/pn+1)

and a is the torus character de�ned via
(

a 0
0 d

)
7→ ad−1. Write Bn+1 to denote

the image of Ar,λ in Ext1
K0(pn+1)

(
χra,M

)
via (2.2).

We now want to describe in detail the cocycle associated to Bn+1. The key
point which is available for the GL2(Qp) setting is an explicit presentation of
Ar,λ given in [Bre03b], Corollaire 5.1.4.

Let us write M |I = M+ ⊕ M− where M± are uniserial I-module (this
is immediate by the Bruhat-Iwahori decomposition). Let A := F[[U−(pZp)]] ∼=
F[[X]] be the Iwasawa algebra associated to the lower unipotent U−(pZp). Then
A is a compact F[[I]] module in a natural way and we have (M−)∨|A ∼= A; in

particular we have
(
M−

)K(n+1) ∼= A/(Xpn) for all n ≥ 1.
The most di�cult task is to control the U−(pZp)-action on the class of Bn+1

modulo M−. This is made precise in the following proposition, showing that
the required action is as simple as it can possibly be:

Proposition 2.3 ([Mor17b]). � Let n ≥ 1 and consider the extension of
discrete F[[K0(pn+1)]]-modules:

0→M+ ⊕M− → Bn+1 → χra→ 0.

There exists an element en+1 ∈ Bn+1, lifting a generator of χra, which is �xed
by U−(pn+1Zp) modulo the one dimensional space soc

(
M+

)
.

Moreover for all
(

1 + pa b

pn+1c 1 + pd

)
∈ K0(pn+1) we have

(
g−1

)
en+1 ∈ soc(M+)⊕(

M−
)Kn+1 and more precisely(
g − 1

)
en+1 = cr,λ,n

(
bXp−3−r − (a− d)(r + 2)Xp−2−r) · (M−)Kn+1

modulo soc
(
M+

)
⊕
(
Xp−3−r+(p−2)

)
·
(
M−

)Kn+1, where cr,λ,n ∈ F× depends
only on en+1, and Ar,λ.

The passage from Proposition 2.3 to the main Theorem 2.1 is performed
with technical computations using the standard cohomological theory of p-
adic analytic groups. For this aim, a key ingredient is the control of the action
of the upper unipotent U(Zp) on the Iwasawa algebra A (with the I-module
structure induced by (M−)∨|A ∼= A). The following Proposition gives a coarse
description of such action, modulo a su�ciently high power of the maximal
ideal of A:

Proposition 2.4 ([Mor17b]). � Let m ≥ 1 and g =
(

a b
0 d

)
∈ B(Zp). The

action of g on A is described by

g ·Xm ∈ amdr−mXm +
(
Xm+(p−2)

)
.
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The previous Proposition can be framed in a much broader context. Linear
actions of a uniform p-groups on Iwasawa algebras of p-adic Lie groups have
been studied in [Ard12], and described in terms of di�erential operators (cf.
Corollary 6.6).

2.2. F -torsion modules & GL2(L)-representations. � In this section
we �x a �nite unrami�ed extension L/Qp and write OL for its ring of integers,
Fq for its residue �eld. Let π be a smooth GL2(L)-representation and consider
the kernel N1 of the natural morphism induced by the trace U(OL) → U(Zp)
(where U denotes the standard upper unipotent radical of GL2). Then the
discrete module πN1 becomes a torsion F[[Zp]][F ]-module, where the variable
F satis�es the relation F ([1]−1) = ([1]p−1)F . The interest in torsion F[[Zp]][F ]-
modules increased after the work of [Sch15], [Bre15a], [Zab]. In particular

Galois representations (either for the group GL or the product (GL)[L:Qp])
are attached to smooth GL2(L)-representation in a functorial way (using the
theory of (ϕ,Γ)-modules).

But even before that we see that π gives rise (by Pontryagin duality) to a
pseudocompact module over F[[OL]][F ], where the variable F satis�es FXi =
Xp
i−1F for a suitable system of generatorsX0 . . . , Xf−1 of the F-algebra F[[OL]].
In this section, which builds on [Mor17a], we describe the standard pseu-

docompact F[[OL]][F ]-module which is attached to the standard generator of
the spherical Hecke algebra for a Serre weight of GL2/Fq

. We prove that such
module contains many Γ-stable F[[OL]]-submodules of �nite colength and which
have �nite height over F[[OL]][F ]. (The Γ here is isomorphic to O×L and is
the correct object to consider when working with Lubin-Tate (ϕ,Γ)-modules.)
Moreover the quotient of the standard pseudocompact F[[OL]][F ] module by
any of the submodules above is F[[OL]]-torsion.

We now present the results in more detail. Recall that a supersingular rep-
resentation π of GL2(L) is (up to twist) an admissible quotient of an explicit
universal representation π(σ, 0). The latter is de�ned to be the cokernel of a

standard Hecke operator acting on the compact induction ind
GL2(L)
GL2(OL)L×σ where

σ is the GL2(OL)L×-in�ation of a Serre weight for GL2(Fq) (we �x the action
of the uniformizer $L ∈ L× to be trivial).

Let I ≤ K denote the standard Iwahori subgroup (with respect to the
upper triangular Borel B(Fq)). From [Mor13], Theorems 1.1 and 1.2 we have
a GL2(OL)-equivariant decomposition π(σ, 0)|GL2(OL)

∼= R∞,0 ⊕R∞,1 and the
smooth representations R∞,0 , R∞,1 �t into an exact sequences:

0→ V• → ind
GL2(OL)
I

(
R−∞,•

)
→ R∞,• → 0

where V•, is an explicit subrepresentation of ind
GL2(Fq)
B(Fq) χ• �the smooth charac-

ter χ• depending in a simple way on the highest weight of σ. (The advantage
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of the exact sequence above is that it is a priori easier to describe the submod-
ule structure of F[[I]]-modules, in our speci�c situation the R−∞,•'s, rather than
F[[K]]-modules.)

In Theorem 2.5 we describe the pseudocompact F[[I]]-module associated to
R−∞,0, R

−
∞,1. Let S0

∞, S1
∞ be the Pontryagin duals of R−∞,0, R

−
∞,1 respec-

tively. They are pro�nite modules over the Iwasawa algebra F[[I]] of I. By
restriction, they can equivalently be seen as modules for the Iwasawa algebra
A = F [[U−($LOL)]] (here U− is the standard lower unipotent radical) and
endowed with continuous actions of the groups

Γ
def
=

(
1 0
0 1 +$LOL

)
, U(OL)

def
=

(
1 OL

0 1

)
, and T(Fq)

(we consider T(Fq) as a subgroup of GL2(OL) via the Teichmüller lift).
Note that the actions of Γ, T(Fq) on S0

∞, S
1
∞ are semilinear but U(OL)

only acts by continuous F-linear endomorphisms.
In the Propostion below we describe explicitly S•∞ (for • ∈ {0, 1}), as a pro-

jective limit of �nite dimensional A-modules endowed with continuous actions
of Γ, T(Fq), U(OL). In what follows we write r ∈ {0, . . . , p−1}f for the f -tuple
which parametrizes the isomorphism class of σ|SL2(Fq), and assume moreover
that σ is regular.

Theorem 2.5 ([Mor17a]). � Let • ∈ {0, 1}. The F[[I]]-module S•∞ is ob-
tained as the limit of a projective system of �nite length F[[I]]-modules

{
S•n+1

}
n∈2N+1+•

where S0
1
∼= A/mA, S

1
2
∼= A/

〈
X

(ri+1)
i , i

〉
and for all n ∈ 2N + 1 + •, n ≥ 2,

the transition morphisms S•n+1 � S•n−1 �t into the following commutative
diagram:

S•n−1
� � // A/

〈
X
pn−2(ri+n−2+1)
i , i

〉
� _

��

1_

��

A/
〈
X
pn−1(ri+n−1+1)
i , i

〉 f−1∏
i=0

X
pn−2(p(ri+n−1+1)−(ri+n−2+1))
i

S•n+1

OOOO

� � // A/
〈
X
pn(ri+n+1)
i , i

〉
projn+1

OOOO

ker(projn+1)
?�

OO

ker(projn+1)
?�

OO

where the left vertical complex is exact and projn+1 denotes the natural projec-
tion.
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We make precise the content of Theorem 2.5. The Iwasawa algebra A can
be seen, by the Iwahori decomposition, as a F[[I]]-module. (Recall that A is a
complete local regular F algebra endowed with a regular system of parameters
X0, . . . , Xf−1 ∈ A, which are eigencharacters for the action of T(Fq).) All
the morphisms in the diagram (2.3) are F[[I]]-equivariant and one proves that

the ideals
〈
X
pn(ri+n+1)
i , i = 0, . . . , f − 1

〉
A

are stable under the actions of
Γ, T(Fq), U(OL).

Note that Theorem 2.5 suggests a fractal structure on S•∞: this is certainly
true for S•∞ as an A-module, and one would hope for the action of U(OL)
to be �as simple as possible� (cf. Figure 1). In what follows we determine the
U(OL)-action, modulo su�ciently high power of the maximal ideal of A.

One can describe precisely the monomorphisms appearing in Theorem 2.5:

S•n+1 ↪→ A/
〈
X
pn(ri+n+1)
i , i = 0, . . . , f − 1

〉
,

deducing an explicit family of A-generators G •n+1 for S•n+1 hence a set G •∞ of
topological A-generators for S•∞ (which is in�nite as soon as [L : Qp] > 1),
and we obtain an A-linear continuous morphism with dense image∏

e∈G •∞

A · e� S•∞.(2.3)

The torsion properties of S•∞ are given by the following Theorem:

Theorem 2.6 ([Mor17a]). � For • ∈ {0, 1} the module S•∞ is torsion free
over A.

If x ∈ S•∞ \ {0} is in the image of
⊕

e∈G •∞
A · e → S•∞ then the torsion

submodule of S•∞/〈x〉A is dense in S•∞/〈x〉A.

The ultimate goal of this construction would be to determine a Lubin-Tate
(ϕ,Γ)-module sitting inside S•∞, which could be related in some reasonable
way with the set of weights associated to a modular Galois representation (of
weight σ). (In fact A is endowed with a Frobenius endomorphism F : A→ A,
which is Γ, T(Fq)-equivariant.)

The following Theorem exhibits an explicit such module:

Theorem 2.7 ([Mor17a]). � There exists an explicit F[[I]] submodule S≥1
∞ ⊕

S≥2
∞ of S0

∞⊕S1
∞ of �nite co-length endowed with an F -semilinear, Γ, T(Fq)-

equivariant endomorphism which we denote as F∞.
The topological A-linearization of F∞

A⊗F,A
(
S≥1
∞ ⊕S≥2

∞
) id⊗ F∞−→ S≥1

∞ ⊕S≥2
∞

has image of �nite co-length.



15

Side: pn(r1 + 1)

Side: p
n(r0 + 1)

Side: pn−1(r0 + 1)

X
p
n−1(r1+1)

0 = en+1;0

X
p
n−1(r0+1)

1 = en+1;1

X
pn−3(r1+1)

0
X

mn−2;0
0

X
mn−2;1
1

| {z }

en−2;0

X
pn−3(r0+1)

1
X

mn−2;1
1

X
mn−2;0
0

| {z }

en−2;1

X0

X1

Figure 1. The �gure represents the �bered product

ker(projn+1) ×An
ker(projn−1) over An := A/

〈
X
pn−1(ri+n−1+1)
i , i

〉
appearing in Theorem 2.5, when f = 2, r0 > r1, n ∈ 2N + 1.
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Finally, S≥1
∞ ⊕S≥2

∞ admits a �nite family of generators as a module over the
skew power series ring A[[F ]], consisting of [K : Qp] distinct eigencharacters
for the T(Fq)-action.

We remark that it is possible to �nd explicit F -stable A-submodules of
S0
∞ ⊕ S1

∞, of A-rank 2 (hence producing (ϕ,Γ)-modules over GQp of rank
2). Nevertheless these explicit modules are never Γ-stable, and the resulting
GQp-representation (in the few explicit cases which have been considered by
the author in unpublished computations) does not seem to have a reasonable
interpretation in the current mod p local Langlands conjectures.

2.2.1. The case K = Qp.� For K = Qp the Iwasawa module S≥1
∞ ⊕S≥2

∞ is
free of rank 2 over A ∼= F[[X]]. We can describe it in terms of Wach modules.

Let ω2 : GQp2 → F be a choice for the Serre fundamental character of niveau

2 (for a �xed embedding Fp2 ↪→ F). For 0 ≤ r ≤ p− 1 we write ind(ωr+1
2 ) for

the unique (absolutely) irreducible GQp-representation whose restriction to the

inertia IQp is described by ωr+1
2 ⊕ωp(r+1)

2 and whose determinant is ωr+1. Via
the p-modular Langlands correspondence for GL2(Qp) ([Bre03a], De�nition

4.2.4), the Galois representation ind(ωr+1
2 ) is associated to the supersingular

representation π(σr, 0).
Then the F∞-module S≥1

∞ ⊕S≥2
∞ associated to π(σr, 0) is compatible with

the p-modular Langlands correspondence for GL2(Qp):

Proposition 2.8 ([Mor17a]). � Let 0 ≤ r ≤ p− 1, and write χ(0,1) for the
crystalline character of GQp2 such that χ(0,1)(p) = 1 and with labelled Hodge-

Tate weights −(0, 1) (for a choice of an embedding Qp2 ↪→ Qp). De�ne the

crystalline representation Vr+1
def
= ind

GQp

GQ
p2
χr+1

(0,1).

Then we have an isomorphism of F -modules

S≥1
∞ ⊕S≥2

∞
∼−→ N

(
V r+1

)
where N(V r+1) is the mod-p reduction of the Wach module associated to Vr+1

and S≥1
∞ ⊕S≥2

∞ is the Iwasawa module of Theorem 2.7.

We recall that the mod-p reduction of Vr+1 is the dual of ind(ωr+1
2 ); in

particular the statement of Proposition 2.8 is consistent with the p-modular
Langlands correspondence for GL2(Qp).

2.2.2. Comparison between A-radical and F[[I]]-radical �ltrations. � We con-
clude with some remarks concerning the radical �ltration of S•∞ as an F[[I]]-
module. This is a di�cult problem: provided the surjection (2.3) none of the
composite morphisms A ↪→ S•∞ are equivariant for the extra actions of Γ,
U(OL).
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Theorem 2.9 ([Mor17a]). � Let • ∈ {0, 1} and, for k ∈ N, write Ik for
the closure of mk

AS
•
∞ in S•∞ (where mA denotes the maximal ideal of A).

Then the A-linear �ltration
{
Ik

}
k∈N coincides with the F[[I]]-radical �ltra-

tion on S•∞.

The main di�culty in obtaining 2.9 consits in a su�ciently precise control
of the F[[U(OL)]]-action on the kernel of the transition maps ker

(
S•n+1 �

S•n−1

)
. This is more subtle than controling the F[[U(OL)]]-action on A (which

is doable via [Ard12], Corollary 6.6). In our context we use in a crucial way the
properties of the Frobenius morphism on the set of the canonical generators of
ker
(
S•n+1 � S•n−1

)
.

A direct consequence of Theorem 2.9 is the description of the topological
generators of S•∞ (which are dual to the I(1)-�xed vectors of R•∞). If χ is
an I-character, we write V (χ) to denote the χ-isotypical component of the
F[[I]]-cosocle of S•∞.

Corollary 2.10. � Assume that σ is a regular Serre weight. Then

cosocF[[I]]

(
S0
∞
)

= V (χ−r)⊕
f−1⊕
i=0

V (χrdet−ra−p
i(ri+1))

cosocF[[I]]

(
S1
∞
)

= V (χrdet−r)⊕
f−1⊕
i=0

V (χrdet−ra−p
i(ri+1))

where

dim(V (χ−r)) = dim(V (χrdet−r)) = 1,

dim(V (χrdet−ra−p
i(ri+1))) =

{
∞ for all i ∈ {0, . . . , f − 1} if L 6= Qp

0 for all i ∈ {0, . . . , f − 1} if L = Qp.

Here, χr, a are the smooth characters of I characterized by

χr

((
a 0
0 d

))
= a

∑f−1
i=0 p

iri , a

((
a 0
0 d

))
= ad

−1
.

We hope the techniques involved in Theorem 2.9, combined with the combi-
natoric of Serre weight for a modular Galois representation, could ultimately
lead to the construction of explicit admissible quotients of the standard repre-
sentation π(σr, 0) (cf. partial progress in [Hen]).

2.3. Multiplicity one at full level: Shimura Curves. � We now move to
a problem associated to local/global compatibility in the mod p local Langlands
program for Hilbert modular forms.

We �x a totally real �eld F+/Q and a modular Galois representation r :
GF+ → GL2(F); let mr be the corresponding Hecke eigensystem and �x a place
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v|p of F+. The mod p local-global compatibility principle predicts that the mr-
torsion subspace in the mod p cohomology of a Shimura curve with in�nite level
at v realizes the mod p Langlands correspondence for GL2(F+

v ) (see [Bre10]),
generalizing the case of modular curves ([Col10, Eme, Ps13]). Let π denote
the mr-torsion subspace above. The goal of the mod p local Langlands program
is then to describe π in terms of the local Galois parameter r|G

F+
v
, though it is

not even known whether π depends only on r|G
F+
v
. One of the major di�culties

is that little is known about supersingular representations outside of the case
of GL2(Qp) (see [AHHV17]).

We now assume that p is unrami�ed in F+ and that r|G
F+
v

is 1-generic.

Let K = GL2(OF+
v

) and I(1) ⊂ K be the usual pro-p Iwahori subgroup. In

[BDJ10] and [Bre14, Conjecture B.1] we �nd a conjectural description of
the K-socle and I(1)-invariants of π�in particular they should satisfy mod
p multiplicity one when the tame level is minimal. The work of [Gee11a]
and [EGS15] later con�rmed these conjectures. In [Bre14], Breuil shows that
such a π (also satisfying other properties known for mr-torsion in completed
cohomology) must contain a member of a family of representations constructed
in [BP12]. If f = 1, this family has one element, and produces the (one-to-
one) mod p Langlands correspondence for GL2(Qp). For f > 1, each family is
in�nite (see [Hu10]), and so a naïve one-to-one correspondence cannot exist.
Moreover, the K-socle and the I(1)-invariants are not su�cient to specify a
single mod p representation of GL2(Qpf ) when f > 1.

However, [EGS15] proves a stronger multiplicity one result than what is
used in the construction of [BP12], namely a result for any lattice in a tame
type with irreducible cosocle. We strengthen this result in tame situations as
follows. Let K(1) ⊂ K be the principal congruence subgroup. Assume that in
the de�nition of π we consider the cohomology of a Shimura curve with in�nite
level at v and minimal tame level.

Theorem 2.11 ([LMS]). � Suppose that r is 1-generic and tamely rami�ed
at v and satis�es the Taylor�Wiles hypotheses. Let Fq denote the residue �eld

of F+
v . Then the GL2(Fq)-representation π

K(1) is isomorphic to the represen-
tation D0(r|G

F+
v

) (which depends only on r|I
F+
v
) constructed in [BP12]. In

particular, its Jordan�Hölder constituents appear with multiplicity one.

If the Jordan�Hölder constituents of a GL2(Fq)-representation appear with
multiplicity one, we say that the representation ismultiplicity free. In particular
for p > 3, there exists a supersingular GL2(F+

v )-representation π such that

πK(1) is multiplicity free.
The theorem is obtained by combining results of [EGS15] with a description

of the submodule structure of generic GL2(Fq)-projective envelopes. Note that
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this theorem precludes in�nitely many representations constructed in the proof
of [Hu10, Theorem 4.17] from appearing in completed cohomology.
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3. The GL3 picture

In this section we consider the mod p local Langlands correspondence for
GL3(Qp) in more detail. We are particularly interested in the smooth mod p
representations π which appear in Hecke eigenspaces for the mod p cohomology
of U(3) arithmetic manifolds with in�nite level at p. In particular we introduce
modi�cations of the classical Up-operators which let us determine the local
Galois parameter attached to such a π.

We now �x the general setting to state our main results.
Let F/F+ be a CM extension of number �elds and �x a place w|p. We �x

a unitary group G/F+ such that G × F ∼= GL3 and G(F+
v ) ∼= U3(R) for all

v|∞. Choose a model G/OF+
of G such that G ×OF+

v′
is reductive for all places

v′ of F+ that split in F . Let v = w|F+ . Choose a compact open subgroup
U = Uv × G(OF+

v
) ≤ G(A∞F+) that is su�ciently small, and unrami�ed at

all places dividing p. Let V ′ denote an irreducible smooth representation of∏
v′|p,v′ 6=v G(OF+

v′
) over F determined by a highest weight in the lowest alcove,

and let Ṽ ′ denote a Weyl module of
∏
v′|p,v′ 6=v G(OF+

v′
) over O of the same

highest weight, so Ṽ ′ ⊗O F ∼= V ′. (For simplicity one can assume that V ′ = F

and Ṽ ′ = O.) We de�ne in the usual way spaces of mod p automorphic forms

S(Uv, V ′) = lim−→Uv≤G(F+
v )
S(UvUv, V

′) and similarly S(Uv, Ṽ ′) that are smooth

representations of G(F+
v ) ∼= GL3(Qp) (where this isomorphism depends on our

chosen place w|v).
We �x a co�nite subset P of places w′ - p of F that split over F+, such

that U is unrami�ed at w′|F+ , and such that r is unrami�ed at w′. Then the
abstract Hecke algebra TP generated over O by Hecke operators at all places

in P acts on S(Uv, V ′) and S(Uv, Ṽ ′), commuting with the GL3(Qp)-actions.
Let now r : GF → GL3(F) be an absolutely irreducible Galois represen-

tation. Then r determines a maximal ideal mr of TP . We assume that r is
automorphic in this setup, meaning that S(Uv, V ′)[mr] 6= 0 (or equivalently,
S(Uv, V ′)mr 6= 0).

From now until the end of this section we assume that p splits completely in
F (in particular Fw ∼= Qp).

3.1. GL3 local-global compatibility: ordinay case. � We assume now
that r|GFw

is upper-triangular, maximally non-split, and generic. This means
that

(3.1) r|GFw
∼

 ωa+1unµ2 ∗1 ∗
ωb+1unµ1 ∗2

ωc+1unµ0

 ,
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the extensions ∗1, ∗2 are non-split, and a − b > 2, b − c > 2, a − c < p − 3.
(Here, ω is the mod p cyclotomic character and unµ denotes the unrami�ed
character taking value µ ∈ F× on geometric Frobenius elements.) Once the
diagonal characters are �xed, the isomorphism class of r|GFw

is determined by
an invariant FL(r|GFw

) which is de�ned by means of Fontaine-La�aille theory,

and which can take any value in P1(F) \ {µ1}. Work of Breuil and Herzig
[BH15] shows that the GL3(Qp)-representation S(Uv, V ′)[mr] determines the

ordered triple of diagonal characters (ωa+1unµ2 , ω
b+1unµ1 , ω

c+1unµ0) of r|GFw
.

In fact, the triple (a, b, c) can be recovered from the (ordinary part of the)
GL3(Zp)-socle by [GG12] and the µi ∈ F× are determined by the Hecke
action at p on the GL3(Zp)-socle. It therefore remains for us to show that
S(Uv, V ′)[mr] determines the invariant FL(r|GFw

).
Let I denote the Iwahori subgroup of GL3(Zp). If V is a representation of

GL3(Zp) over O and ai ∈ Z we write

V I,(a2,a1,a0) def
= HomI(O(ω̃a2 ⊗ ω̃a1 ⊗ ω̃a0), V ),

where the character in the domain denotes the in�ation to I of the homomor-

phism B(Fp)→ O×,

(
x y z

u v
w

)
7→ x̃a2 ũa1w̃a0 . If V is even a representation

of GL3(Qp), then V
I,(a2,a1,a0) a�ords an action of Up-operators U1, U2.

De�ne Π
def
=

(
1

1
p

)
(it sends V I,(a2,a1,a0) to V I,(a1,a0,a2)).

We now introduce explicit group algebra operators S, S′ ∈ F[GL3(Fp)],

de�ned on S(Uv, V ′)[mr]
I,(−b,−c,−a)[U1, U2], which will play a crucial role in

determining the local Galois parameter from S(Uv, V ′)[mr]:

(3.2)

S
def
=

∑
x,y,z∈Fp

xp−(a−c)zp−(a−b)
 y x 1

z 1
1



S′
def
=

∑
x,y,z∈Fp

xp−(b−c)zp−(a−c)
 y x 1

z 1
1



The �rst main theorem is:

Theorem 3.1 ([HLM17]). � We make the following additional assumptions:

1. FL(r|GFw
) 6∈ {0,∞}.

2. The O-dual of S(Uv, Ṽ ′)
I,(−b,−c,−a)
mr

is free over T, where T denotes the

O-subalgebra of End
(
S(Uv, Ṽ ′)

I,(−b,−c,−a)
mr

)
generated by TP , U1, and U2.

Then we have the equality

S′ ◦Π = (−1)a−b · b− c
a− b

· FL(r|GFw
) · S
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of maps

S(Uv, V ′)[mr]
I,(−b,−c,−a)[U1, U2]→ S(Uv, V ′)[mr]

I,(−c−1,−b,−a+1).

Moreover, these maps are injective with non-zero domain. In particular, FL(r|GFw
)

is determined by the smooth GL3(Qp)-representation S(Uv, V ′)[mr].

The �rst assumption is related to the fact that the GL3(Zp)-socle of S(Uv, V ′)[mr]
changes for the exceptional two invariants, see Theorem 3.4 below.

We show that the second assumption is often a consequence of the �rst
assumption. The second assumption is an analogue of Mazur's �mod p multi-
plicity one� result:

Theorem 3.2 ([HLM17]). � Let r be as in Theorem 3.1(i). Assume r sat-
is�es some standard Tailor-Wiles conditions. If we have FL(r|GFw

) 6=∞, then
assumption (ii) in Theorem 3.1 holds.

In fact for any value of FL(r|GFw
) either the second assumption or its dual

holds. For sake of completeness we state the standard Taylor-Wiles conditions
mentionned in Theorem 3.2:

(i) F/F+ is unrami�ed at all �nite places.
(ii) r is unrami�ed at all �nite places not dividing p;
(iii) r is Fontaine�La�aille and regular at all places dividing p;
(iv) r has image containing GL3(k) for some k ⊆ F with #k > 9;

(v) F
ker adr

does not contain F (ζp);
(vi) Uv′ = G(OF+

v′
) for all places v′ which split in F other than v1 and those

dividing p (here v1 - p is a �nite place of F+, splitting as v1 = w1w
c
1 in F

and such that v1 does not split completely in F (ζp) and r(Frobw1) has dis-
tinct F-rational eigenvalues, no two of which have ratio (NF+/Q(v1))±1);

(vii) Uv1 is the preimage of the upper-triangular matrices under the map

G(OF+
v1

)→ G(Fv1)
∼−→
ιw1

GL3(Fw1);

(viii) Uv′ is a hyperspecial maximal compact open subgroup of G(F+
v′ ) if v′ is

inert in F .

Using results of [EG14], we see that for any given local Galois representation
as in (3.1) we can construct a globalization to which Theorem 3.2 applies.

Theorem 3.3 ([HLM17]). � Suppose that ρ : GQp → GL3(F) is upper-
triangular, maximally non-split, and generic. Then, after possibly replacing F
by a �nite extension, there exist a CM �eld F , a Galois representation r :
GF → GL3(F), a place w|p of F , groups G/F+ and G/OF+

, and a compact

open subgroup Uv such that r|GFw
∼= ρ. In particular, if FL(ρ) 6∈ {0,∞},

Theorem 3.1 applies to r.
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As a by-product of our methods we almost completely determine the set
of Serre weights of r. Here, the set Ww(r) is de�ned to be the set of irre-
ducible GL3(Zp)-representations whose duals occur in the GL3(Zp)-socle of
S(Uv, V ′)mr (for some Uv and P as above).

Theorem 3.4 ([HLM17]). � Keep the assumptions on r that precede The-
orem 3.1 above.

1. If FL(r|GFw
) /∈ {0,∞} we have

{F (a− 1, b, c+ 1)} ⊆Ww(r) ⊆
⊆ {F (a− 1, b, c+ 1), F (c+ p− 1, b, a− p+ 1)}.

2. If FL(r|GFw
) =∞ we have

{F (a− 1, b, c+ 1), F (a, c, b− p+ 1)} ⊆Ww(r) ⊆
⊆ {F (a− 1, b, c+ 1), F (c+ p− 1, b, a− p+ 1), F (a, c, b− p+ 1)}.

3. If FL(r|GFw
) = 0 we have

{F (a− 1, b, c+ 1), F (b+ p− 1, a, c)} ⊆Ww(r) ⊆
⊆ {F (a− 1, b, c+ 1), F (c+ p− 1, b, a− p+ 1), F (b+ p− 1, a, c)}.

The dependence on FL(r|GFw
) in this theorem was unexpected, as there

were no explicit Serre weight conjectures in the literature that apply to non-
semisimple r|GFw

.
As a consequence of this theorem we also show the existence of an automor-

phic lift r of r such that r|GFw
is upper-triangular. It is in the same spirit as

the main results of [BLGG13] (which concerned two-dimensional representa-
tions).

Theorem 3.5 ([HLM17]). � In the setting of Theorem 3.4, r has an auto-
morphic lift r : GF → GL3(O) (after possibly enlarging E) such that r|GFw

is
crystalline and ordinary of Hodge�Tate weights {−a− 1,−b− 1,−c− 1}.

3.1.1. Brief overview of the methods. � Theorems 3.1 and 3.2 generalize ear-
lier work of Breuil�Diamond [BD14] which treated two-dimensional Galois
representations of GF , where F is totally real and p is unrami�ed in F . The
strategy in the proof of Theorem 3.2 is similar: we lift the Hecke eigenvalues of
r to a well-chosen type in characteristic zero, use classical local-global compati-
bility at p, and then study carefully how both the Galois-side and the GL3-side
reduce modulo p. However, it is signi�cantly more di�cult to carry out this
strategy in the GL3-setting.

We �rst prove the upper bound in Theorem 3.4 by lifting to various types in
characteristic zero and using integral p-adic Hodge theory to reduce modulo p.
This is more involved in dimension 3, since we are no longer in the potentially
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Barsotti�Tate setting. We crucially use results of Caruso to �lter our Breuil
module (corresponding to r|GFw

) according to the socle �ltration on r|GFw
.

The following theorem is our key local result on the Galois-side. Our cho-
sen type is a tame principal series that contains in its reduction mod p all
elements of Ww(r) (unlike in [BD14], where the intersection always consisted
of one element) and we obtain a rough classi�cation of the strongly divisible
module corresponding to ρ, in particular their �Hodge� �ltration. Note that
we do not need to determine Frobenius and monodromy operators: in the lan-
guage of [LLHLMb] we are considering universal �nite height lift of r|GFw

in
shape αβα. We also note that the relevant information on the Galois-side is
independent of the Hodge �ltration, so that we can transfer this information
to the GL3-side using classical local-global compatibility.

Theorem 3.6 ([HLM17]). � Let ρ : GQp → GL3(O) be a potentially semistable
p-adic Galois representation of Hodge�Tate weights {−2,−1, 0} and inertial
type ω̃a⊕ ω̃b⊕ ω̃c. Assume that the residual representation ρ : GQp → GL3(F)
is upper-triangular, maximally non-split, and generic as in (3.1). Let λ ∈ O

be the Frobenius eigenvalue on D
Qp,2
st (ρ)IQp=ω̃b

. Then the Fontaine�La�aille
invariant of ρ is given by:

FL(ρ) = red
(
pλ−1

)
,

where red denotes the specialization map P1(O)→ P1(F).

On the GL3-side the main innovation consists of the explicit group algebra
operators S, S′ de�ned in (3.2). The analogues of these operators for GL2 show
up in various contexts (see, for example, [Pas07], Lemma 4.1, [BP12], Lemma
2.7, [Bre11], �4, and [BD14], Proposition 2.6.1). .

Proposition 3.7 ([HLM17]). �

1. There is a unique non-split extension of irreducible GL3(Fp)-representations

0→ F (−c− 1,−b,−a+ 1)→ V → F (−b+ p− 1,−c,−a)→ 0

and S induces an isomorphism S : V I,(−b,−c,−a) ∼−→ V I,(−c−1,−b,−a+1) of
one-dimensional vector spaces.

2. There is a unique non-split extension of irreducible GL3(Fp)-representations

0→ F (−c− 1,−b,−a+ 1)→ V → F (−c,−a,−b− p+ 1)→ 0

and S′ induces an isomorphism S′ : V I,(−c,−a,−b) ∼−→ V I,(−c−1,−b,−a+1)

of one-dimensional vector spaces.

The reduction mod p result on the GL3-side is comparatively easier. By
combining the above results we deduce Theorem 3.1. We note that assumption
(ii) is needed for lifting elements of S(Uv, V ′)[mr]

I,(−b,−c,−a)[U1, U2] to suitable
Iwahori eigenvectors in characteristic zero. The Ui-operators allow us to deal
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with the possible presence of the shadow weight F (c + p − 1, b, a − p + 1)

in Theorem 3.4. Namely, if v ∈ S(Uv, V ′)[mr]
I,(−b,−c,−a)[U1, U2] is non-zero,

we show that it generates the representation of Proposition 3.7(i) under the
GL3(Zp)-action. Similar comments apply to Πv. Proposition 3.7 then allows
us to deduce that the maps in Theorem 3.1 are well-de�ned and injective.

Finally, we establish Theorem 3.2. As in [BD14] our method relies on the
Taylor�Wiles method. However, as we do not know whether our local deforma-
tion ring at p is formally smooth (which in any case should be false if our chosen
type intersects Ww(r) in more than one element) we cannot directly apply Di-
amond's method [Dia97]. Instead we use the patched modules of [CEG+16]
that live over the universal deformation space at p and use ideas of [EGS15]
and [Le]. Similarly to above, we add Up-operators in order to deal with the
possible presence of the shadow weight F (c+ p− 1, b, a− p+ 1).

3.2. GL3 local-global compatibility: non-ordinay case. � We keep the
very same notations and setting of the previous section, but we now assume
that r|GFw

has niveau 2. This means that

(3.3) r|IFw
∼

ω
a+1 ∗ ∗
0 ω

(b+1)+p(c+1)
2 0

0 0 ω
c+1+p(b+1)
2


for some integers a, b, c ∈ N satisfying p − 3 > a − c − 1 > b − c > 3. If ρ is
Fontaine-La�aille we can de�ne an invariant FL(r|GFw

) ∈ P1(F) generalizing
the one in the previous section.

Quite surprisingly, we can recover the Fontaine-La�aille parameter from
the Hecke action on S(Uv, V ′)[mr] by using exactly the same group algebra
operator we used in the ordinary case.

The following Theorem is the non-ordinary analogue of Theorems 3.1, 3.2
above

Theorem 3.8 ([LMP]). � Assume that FL(r|GFw
) /∈ {0,∞} and that r sat-

is�es the standard Taylor-Wiles conditions (i)-(viii) above.
Let S, S′ be the group algebra operators de�ned in (3.2). Then

S′ ◦

 0 1 0
0 0 1
p 0 0

 = (−1)a−b · b− c
a− b

· FL(r|GFw
) · S(3.4)

on S(Uv, V ′)[mr]
I,(−b,−c,−a)[U2], where is a carefully chosen Up-operator.

As it happened in the ordinary case, in order to get Theorem 3.8 one needs
multiplicity one conditions on the G(OF+

v
)-socle of S(Uv, V ′)[mr]. This is ob-

tained by a thorough type elimination in niveau 2, which highlights again that
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the set of Serre weights for r depends on the associated Fontaine-La�aille pa-
rameter.

We de�ne here an explicit set W ?
w(r|GFw

), depending on FL(r|GFw
) as fol-

lows:

W ?
w(r) =

{
F (a− 1, b, c+ 1), F ((p− 1) + c, b, a− (p− 1)),

F (a− 1, c+ 1, b− (p− 1))

} ⋃
W

where

W
def
=



{
F (p− 1 + c, a, b), F (p− 2 + b, a, c+ 1),

F (a, c, b− (p− 1))

}
if FL(r|GFw

) =∞;

{
F ((p− 1) + b, a, c)

}
if FL(r|GFw

) = 0;

∅ otherwise.

We remark that in the set W ?
w(r|GFw

) we can distinguish an explicit subset

W ?
w,obv(r) of obvious weights related to �obvious� crystalline lifts of r|GFw

.
Our main result on Serre weights for r is contained in the following theorem:

Theorem 3.9 ([LMP]). � Assume that r veri�es assumption (i) of Theorem
3.8. Then

Ww(r) ⊆W ?
w(r|GFw

).

Moreover, the obvious weights F (a− 1, b, c+ 1) and F (a− 1, c+ 1, b− p+ 1)
are always modular, while, if the Fontaine-La�aille parameter at w veri�es
FL(r|GFw

) =∞, the shadow weight F (a, c, b− (p− 1)) is modular.
Finally, assume that F is unrami�ed at all �nite places and that there is a

RACSDC automorphic representation Π of GL3(AF ) of level prime to p such
that

1. r ' rp,ı(Π);
2. For each place w|p of F , rp,ı(Π)|GFw

is potentially diagonalizable;
3. r(GF (ζp)) is adequate.

Then we have the following inclusion:

W ?
w,obv(r) ⊆Ww(r).

(Here we wrote rp,i(Π) to denote the Galois representation associated to Π
as in [BLGG], Theorem 2.1.2; it depends on the choice of an isomorphism
ı : Qp → C.)

For the weight elimination results, we classify rank 2 simple Breuil modules
with descent data of niveau 2 corresponding to the 2-dimensional irreducible
quotient of r|GFw

. The classi�cation of the rank 2 simple Breuil modules is
also heavily used to show the connection between the Fontaine-La�aille pa-
rameter and Frobenius eigenvalues of potentially crystalline lifts of r|GFw

. The



27

proof of weight existence is here performed by purely Galois cohomology argu-
ments. We remark that along the proof of Theorem 3.9, we obtain a potential
diagonalizability result, which lets us infer that representations satisfying the
hypotheses of Theorem 3.8 do exist:

Proposition 3.10 ([LMP]). � Let ρ : GQp → GL3(F) be a niveau 2 con-
tinuous Galois representation as in (3.3). Then ρ admits a crystalline lift
ρ : GQp → GL3(O) such that ρ|GQ

p2
is ordinary crystalline, with parallel

Hodge-Tate weights {a+ 1, b+ 1, c+ 1}. In particular ρ is potentially diagonal-
izable.

Moreover, if FL(ρ) = ∞ then ρ admits a crystalline lift with Hodge-Tate
weights {p+ c+ 1, a+ 1, b}.

Finally if ρ is split then then ρ admits a further crystalline lift with Hodge-
Tate weights {p+ b, p+ c, a+ 1}.

3.3. An explicit set of weights in the wild case. � We keep the nota-
tions and the setting of �3.1 . In this section we examine the set of modular
weights of r|GFw

when the latter is ordinary, wildly rami�ed, and has radical
length exactly 2. This generalizes Theorem 3.4 above, and provides the �rst
systematic description of the set of modular weights for wildly rami�ed, three
dimensional representations of GQp . The submodule structure of r|GFw

plays
now a crucial role (as in [BH15]) and we de�ne, for all possible con�gurations
of the submodule structure in r|GFw

, a set of weights W ?
w(r|GFw

) for which r
shall be modular.

Up to duality, we can distinguish 3 isomorphism classes for r|IFw
:

Type (T2) if

ωb+1

r|IFw
: ωa+1

ωc+1

Type (T1) if

ωa+1 ωb+1

r|IFw
: ⊕

ωc+1

Type (T0) if

ωa+1 ωc+1

r|IFw
: ⊕

ωb+1
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Accordingly, we de�ne the following set of Serre weights:

W ?
w(r|GFw

)
def
=
{
F (a− 1, b, c+ 1), F (c+ (p− 1), b, a− (p− 1))

}
∪ W

where

if r|IFw
is of Type (T2)

W :=
{
F (a− 1, c, (b+ 1)− (p− 1))

}
;

if r|IFw
is of Type (T1)

W
def
=

{
F (a− 1, c, b+ 1− (p− 1)), F (c− 1 + (p− 1), a, b+ 1)

F (b+ (p− 1), a, c), F (a, c, b− (p− 1))

}
;

if r|IFw
is of Type (T0)

W
def
=
{
F (a− 1, c, (b+ 1)− (p− 1)), F (b− 1 + (p− 1), a, c+ 1)

}
;

The main result of this section is the following:

Theorem 3.11 ([MP]). � Keep the hypotheses and setting above, in partic-
ular the Galois parameter r|GFw

being ordinary generic, and of Loewy length
2.

Then one has
Ww(r) ⊆W ?

w(r|GFw
).

Theorem 3.11 is a weight elimination result and is performed by integral p-
adic Hodge theory and classical local/global compatibility. It relies on a crucial
ingredient in integral p-adic Hodge theory, namely a splitting lemma which lets
us determine the vanishing of a class [c] ∈ H1(GQp , ω

n) (ω denoting the mod
p-cyclotomic character) by the only information coming from the �ltration on
a Breuil moduleM with descent data such that [Tst(M)] = [c].

Understanding which weights in W ?
w(r|GFw

) are actually modular for r is
on the other hand a hard problem. Following [BLGG], automorphy lifting
techniques can be used to prove that the set of obvious weights W ?

obv(r|GFw
)

are modular, by considering ordinary crystalline lifts of r|GFw
. One always

has W ?
obv(r|GFw

) ⊆W ?
w(r|GFw

) and by combining Theorem 3.11 and [BLGG]
Theorem 4.1.9, one obtains the following result:

Theorem 3.12 ([MP]). � Let F be an imaginary CM �eld with maximal
totally real sub�eld F+, and suppose that F/F+ is unrami�ed at all �nite
places and that p splits completely in F . Suppose that r : GF → GL3(F) is
an irreducible representation with split rami�cation. Assume that there is a
RACSDC automorphic representation Π of GL3(AF ) such that

� r ' rp,ı(Π);
� For each place w|p of F , rp,ı(Π)|GFw

is potentially diagonalizable;
� r(GF (ζp)) is adequate.
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Assume further that for all places w|p the Galois representation r|GFw
are

ordinary, strongly generic, and of Loewy length less than 3.
Then one has

W ?
obv(r|GFw

) ⊆Ww(r).

When p does not split completely in F , the study of Serre weights for wildly
rami�ed, three-dimensional Galois representation is pursued in the forthcoming
[LLHLMd].
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4. Shapes and Shadows

In this section we discuss new techniques to compute potentially crystalline
deformation rings of a continuous Galois representation ρ : GL → GL3(F).
This has global applications, as new modularity lifting results, the proof of
modularity of shadow weights, and new cases of the Breuil-Mézard conjecture
in dimension three. It also has unexpected applications to some problems in
modular representation theory, namely the classi�cation of integral lattices in
Deligne-Lusztig representations with Qp-coe�cients (�4.3.1).

4.1. Galois deformation rings in the ordinary case. � We compute
potentially crystalline deformation rings for an ordinary Galois representa-
tion ρ : GQp → GL3(F) using the theory of strongly divisible modules. The
techniques are new, in the sense that we develop a convergence algorithm to
compute �ltrations in strongly divisible modules with descent data in ordinary
situations, and we are able to impose Gri�ths transversality condition in a
simple way. These techniques will be developed in great generality in �4.2.

We explain in more detail the di�culties in integral p-adic Hodge theory
which arises in our situation. Let L/Qp be a �nite extension, which we assume
to be totally rami�ed for simplicity, and let $L be a uniformizer of L. Choose a

compatible system of p-power roots $
1/pn

L and de�ne L∞ = ∪nL($
1/pn

L ) ⊂ L.
Let GL denote the absolute Galois group of L and let GL∞ := Gal(L/L∞).
The restriction functor

Repcris
GL

(Qp)→ RepGL∞
(Qp)

is fully faithful and its image is contained in the �nite height GL∞-representations
([Kis06, Corollary 2.1.14]). Both these categories are described by linear alge-
bra data using p-adic Hodge theory. From that perspective, the essential image
of the functor is characterized by a Gri�ths transversality condition. In the
Barsotti-Tate case (i.e., height ≤ 1), Gri�ths transversality is always satis�ed
and this gives more precise control over Barsotti-Tate deformation rings. The
di�culty that arises in higher weight situations is to understand which repre-
sentations of GL∞ descend to (potentially) crystalline representations of GL
(integrally as well). In this section, we address this question for tamely poten-
tially crystalline deformation rings for Qp and GL3 with Hodge-Tate weights
(0, 1, 2) with some assumptions on ρ.

In order to state the main theorem, we let ρ : GQp → GL3(F) be an ordinary
three dimensional Galois representation of the form

(4.1) ρ|IQp
∼=

ωa+2 ∗ ∗
0 ωb+1 ∗
0 0 ωc
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where ω : IQp → Fp denotes the mod p cyclotomic character and a, b, c ∈ N.
Recall that ω̃ : IQp → Z×p denotes the Teichmüller lift of ω.

Theorem 4.1 ([LM16]). � Let ρ : GQp → GL3(F) be an ordinary Galois
representation as in (4.1). Assume that the integers a, b, c ∈ N verify b−c, a−
b > 3 and a− c < p− 4 and de�ne the inertial type τ

def
= ω̃a ⊕ ω̃b ⊕ ω̃c.

Let R
2,(0,1,2)τ
ρ be the framed potentially crystalline deformation ring for ρ,

with Galois type τ and Hodge type (0, 1, 2) and assume that SpfR
2,(0,1,2),τ
ρ is

non-empty. Then R
2,(0,1,2),τ
ρ is formally smooth of relative dimension 12.

Theorem 4.1 is obtained by explicitly constructing a formally smooth mor-

phism R2,τ

M → R
2,(0,1,2),τ
ρ , where R2,τ

M is a moduli space of strongly divisible

modulesM lifting ρ which we can control by means of integral p-adic Hodge
theory (and M is a Breuil module giving rise to ρ). There are two key in-
gredients. First, for our choice of τ , a detailed study of the �ltration and
Frobenius building on techniques of [Bre14] shows that any strongly divisible
module lifting ρ is ordinary. This uses a convergence algorithm in the Breuil
ring SQp which lets us compute the �ltration on strongly divisible modules lift-

ingM. The algorithm is inspired by [Bre14], Proposition 5.2, where we �nd
a classi�cation of �ltrations on strongly divisible modules in the potentially
Barsotti-Tate case.

We thus obtain a formally smooth family of ordinary quasi-Breuil modules
(i.e., with no monodromy operator). Now as a consequence of the genericity
assumptions on τ the condition imposed by the existence of monodromy on an
ordinary rank 3 Breuil module mod p turns out to be exceedingly simple. In
this case, the vanishing of a single variable of the smooth family of quasi-Breuil
modules.

Theorem 4.1 is compatible with the Breuil-Mézard conjecture. In the hy-
potheses of Theorem 4.1, the inertial type τ contains exactly one weight in the
conjectural set of Serre weights for ρ; it is an obvious weight for ρ in the ter-
minology of [GHS], in the Fontaine-La�aille range. In particular, the Breuil-

Mézard conjecture then predicts that R
2,(0,1,2),τ
ρ should be formally smooth

and so Theorem 4.1 con�rms an instance of the conjecture for GL3. Moreover,
while proving Theorem 4.1, we also explicitly exhibit the geometric Breuil-
Mézard conjecture of [EG14] in this setting. Namely, we show that the special

�ber of SpfR
2,(0,1,2),τ
ρ inside the unrestricted universal framed Galois deforma-

tion space coincides with the special �ber of the (Fontaine-La�aille) crystalline
deformation ring with Hodge-Tate weights (a+ 2, b+ 1, c).

As a consequence of our careful study of the �ltration and Frobenius on
strongly divisible modules, we get the following corollary:
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Theorem 4.2 ([LM16]). � Let ρ : GQp → GL3(F) be an ordinary Galois
representation as in (4.1). Assume that the inertial type τ is as in Theorem
4.1 and that the integers a, b, c verify p − 4 > a − b, b − c > 3. Then, any
potentially crystalline lift ρ of ρ, with Hodge type (0, 1, 2) and inertial type τ
is ordinary.

We remark that for Theorem 4.2, we do not require a Fontaine-La�aille
condition on the inertial weights.

4.2. Deformation rings: Shapes and Shadows. � This section builds
on [LLHLMb]. We discuss new techniques to compute potentially crystalline
deformation rings in dimension three and their connection to Serre-weight and
Breuil-Mézard conjectures.

Connections between the weight part of Serre's conjecture and the geometriza-
tion of the Breuil-Mézard conjecture ([BM02], [BM14], [EG14], [EG]) ap-
pear �rst in the breakthrough work [GK14]. A key insight of the geometric
Breuil-Mézard conjecture is the prediction of the multiplicities of the special
�bers of deformation spaces (or, more generally, moduli stacks) of local Galois
representations when ` = p in terms of p-modular representations of general
linear groups. In particular, a good understanding of the geometry of local
Galois deformation spaces leads naturally to modularity lifting results, Breuil-
Mézard and the weight part of Serre's conjecture, via the patching techniques
of Kisin-Taylor-Wiles.

In dimension two, potentially Barsotti-Tate (BT) deformation rings were
studied via moduli of �nite �at group schemes ([Kis09], [Bre00]) leading
to explicit presentations when L/Qp is unrami�ed ([BM14, EGS15]). The
geometry of these (potentially) BT-deformation rings is a key input into the
proof of the weight part of Serre's conjectures in [GK14] and provided evidence
towards mod-p local Langlands. However, a satisfactory understanding of the
n-dimensional analogue, potentially crystalline deformation rings with Hodge-
Tate weights (n− 1, n− 2, . . . , 0), seemed out of reach, due to the di�culty of
understanding the monodromy operator in the theory of Breuil-Kisin modules.

In this section we overcome this di�culty in dimension 3 and achieve an

almost complete description of the local deformation rings R
(2,1,0),τ
ρ for L/Qp

unrami�ed and τ a generic tame inertial type. We thereby obtain the �rst
examples in dimension greater than 2 of Galois deformation rings which are
neither ordinary nor Fontaine-La�aille. Our results are consistent with the
Breuil-Mézard conjecture and lead to improvements in modularity lifting.

4.2.1. Results on local deformation spaces.� Let L/Qp be a �nite unrami�ed
extension. We �x a su�ciently large �nite extension E/Qp, O its ring of inte-
gers and F its residue �eld (the rings of coe�cients for our representations).
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Let τ : IQp → GL3(O) be a tame inertial type and ρ : GL → GL3(F) be
a continuous Galois representation. We introduce a notion of genericity for
ρ (resp. for τ), which is a mild condition on the inertial weights of ρ (resp.
of τ). Our main local results are a detailed description of framed potentially

crystalline deformation ring R
(2,1,0),τ
ρ in terms of the notion of shape attached

to the pair (ρ, τ). The shape is an element in the Iwahori-Weyl group of GL3 of
length ≤ 4, and arises from the study of moduli of Kisin modules with descent
datum (inspired by work of [Bre14, BM14, CDM, EGS15] and further
pursued in [CL]); it generalizes the notion of genre which is crucial in [Bre14]
in describing tamely Barsotti-Tate deformation rings for GL2.

Theorem 4.3 ([LLHLMb]). � Let ρ : GQp → GL3(F). Let τ be strongly
generic tame inertial type. Then the framed potentially crystalline deformation

ring R
(2,1,0),τ
ρ with Hodge-Tate weights (2, 1, 0) has connected generic �ber and

its special �ber is as predicted by the geometric Breuil-Mézard conjecture.

If the shape of (ρ, τ) has length at least 2, then R
(2,1,0),τ
ρ has an explicit

presentation (given in Table 2). If the shape of (ρ, τ) has length ≤ 1, then the

special �ber of R
(2,1,0),τ
ρ has an explicit presentation (described in [LLHLMb,

�8]).

The �rst step towards Theorem 4.3 is a detailed study of the moduli space of
Kisin modules with descent datum. The shapes of Kisin modules which arise as
reductions of potentially crystalline representations with Hodge-Tate weights
(2, 1, 0) are indexed by (2, 1, 0)-admissible elements in the Iwahori-Weyl group
of GL3 de�ned by Kottwitz and Rapoport (cf. [PZ13, (9.17)]). For generic τ ,
the Kisin variety is trivial, and so we can associate a shape to a pair (ρ, τ).

There are 25 elements to be analyzed in Adm(2, 1, 0). Due to an additional
symmetry, we are able to reduce our analysis to nine cases. The shorter the
length of the shape the more complicated the deformation ring is. In seven cases
(length ≥ 2), the deformation ring admits a simple description (cf. Table 2
below). The remaining two cases require separate analysis which is undertaken
in [LLHLMb], �8. Our strategy is as follows:

1. Classify all Kisin modules of shape w̃ ∈ Adm(2, 1, 0) over Fp;

2. For M of shape w̃, construct the universal deformation space with height
conditions;

3. Impose monodromy condition on the universal family..

Steps (1) and (2) generalize techniques of [Bre14, CDM, EGS15] used to
compute tamely Barsotti-Tate deformation rings for GL2. Step (2) amounts to
constructing local coordinates for the Pappas-Zhu local model for (GL3, µ =
(2, 1, 0), Iwahori level) (cf. [CL]) and requires a more systematic approach to
the p-adic convergence algorithm employed by [Bre14, CDM, LM16].
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Step (3) requires a genuinely new method not present in the tamely Barsotti-
Tate case where the link between moduli of �nite �at groups schemes and
Galois representations is stronger. Kisin [Kis06] characterized when a torsion-
free Kisin module M over Zp comes from a crystalline representation in terms
of the poles of a monodromy operator NMrig which is naturally de�ned on the
extension Mrig of M to the rigid analytic unit disk. This condition on the poles
of the monodromy operator is a subtle analogue of Gri�ths transversality in p-
adic Hodge theory. While one cannot compute NMrig completely, it is possible
to give an explicit approximation using the genericity condition on τ . The
error term turns out to be good enough to understand the geometry of the
deformation rings.

4.2.2. Global applications.� Using Kisin-Taylor-Wiles patching methods, the
local information on the Galois deformation spaces leads to new modularity
results and the Serre weight conjectures. To state these results, we �x a global
setup and remark that the weight part of Serre's conjecture is expected to
be independent of the global setup). Our proofs only use of the existence of
patching functors in the sense of [EGS15], [GHS] verifying certain axioms
and so our results should carry over to many other situations as well.

We �x the global setup as at the beginning of �3. In particular we have �xed
a continuous absolutely irreducible representation r : GF → GL3(F), a place
v above p, a unitary group G over F+ which is isomorphic to U(3) at each
in�nite place and split above p, and an ideal mr in the anemic Hecke algebra
T acting on the space of mod p algebraic automorphic forms S(Uv,F) with
in�nite level at v, such that S(Uv,F)mr 6= 0.

In what follows we �x w|v (hence an isomorphism G(F+
v ) ∼= GL3(Qp))

and we keep assuming that p splits completely in F . (This hypothesis will be
removed in �4.3.1)

We let Ww(r) be the set of irreducible GL3(Zp)-representations whose duals
occur in the GL3(Zp)-socle of S(Uv,F)mr . We de�ne a condition of genericity
for Serre weights and write W gen

w (r) for the set of generic modular weights.
Namely, if (a, b, c) ∈ Z3 is the highest weight of a Serre weight F , we say that
F is generic if

3 < a− b, b− c < p− 5, |a− c− p+ 2| > 4.

Assume that r|GFw
is semisimple. Then there is a set of conjectural weights

W ?(r|GFw
) de�ned in [Her09, GHS] which only depends on the restriction of

r to the inertia subgroups at w.

Theorem 4.4 ([LLHLMb]). � Let r : GF → GL3(F) be a continuous Ga-
lois representation, verifying the Taylor-Wiles conditions. Assume that r|GFv

is semisimple and 6-generic at v, that r is automorphic of some generic Serre
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weight, and that r has split rami�cation outside p. Then

W gen
w (r) = W ?(r|GFw

).

When r is irreducible at each prime above p, this is proven in [EGH13] using
the technique of weight cycling and without any Taylor-Wiles conditions. The
inclusion W gen

w (r) ⊂ W ?(r|GFw
) (weight elimination) is proven in [EGH13,

HLM17, MP]. Recent improvements in weight elimination results show that
W gen
w (r) can be replaced by Ww(r) and `automorphic of some generic Serre

weight' with just `automorphic' in almost all cases.
There are 9 conjectural weights appearing in W ?(r|GFw

), 6 of which are
called obvious weights since they are directly related to the Hodge-Tate weights
of �obvious� crystalline lifts of r|GFw

. The relation between Serre weights of r
and Hodge-Tate weights of crystalline lifts of r|GFw

was �rst made precise in
[Gee11b] and the obvious weights are shown to be modular in [BLGG13]
using global methods (namely, modularity lifting techniques) under the as-
sumption that r is modular of a Fontaine-La�aille weight.

The remaining weights in W ?(r|GFw
) are more mysterious and are referred

to as shadow weights. The modularity of the shadow weights lies deeper than
that of the obvious weights, in part, because modularity of a shadow weight
cannot be detected by modularity lifting alone but requires p-adic information.
It is at this point that the computation of the monodromy operator appears to
play a critical role. The proof of Theorem 4.4 builds on the Breuil-Mézard phi-
losophy introduced in [GK14]. The patching techniques of Gee-Kisin [GK14],
Emerton-Gee [EG14] connect the geometry of the local deformation rings to
modularity questions. We use geometric information about the local deforma-
tion rings, especially the geometry of their special �bers, to prove the modu-
larity for the shadow weights.

Theorem 4.4 is stated only for r which are semisimple above p because those
are the only representations for which there is an explicit conjecture. Our com-
putations, together with work of [HLM17, MP], suggest a set W ?(r|GFw

)
when r|GFw

is not tame, for which the Theorem should hold. This question
is addressed in forthcoming [LLHLMd]. We also deduce from Table 2 be-
low counterexamples when r|GFw

is not semisimple to Conjecture 4.3.2 of
[Gee11b], which predicts Serre weights in terms of the existence of crystalline
lifts. The conjecture is reformulated in [GHS, Conjecture 5.1.6].

The local information on the deformation rings (Theorem 4.3), namely the
connectedness of their generic �ber, lets us deduce new modularity lifting the-
orems.

Theorem 4.5 ([LLHLMb]). � Let r : GF → GL3(O) be a Galois represen-
tation and write r : GF → GL3(F) for its associated residual representation.

Assume that:
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1. p splits completely in F+;
2. r is conjugate self-dual and unrami�ed almost everywhere;
3. for all places w ∈ Σp, the representation r|GFw

is potentially crystalline,
with parallel Hodge type (2, 1, 0) and with strongly generic tame inertial
type τΣ+

p
= ⊗v∈Σ+

p
τv;

4. r veri�es the Taylor-Wiles conditions, in particular r is absolutely irreducible)
and r has split rami�cation;

5. r ∼= rp,ı(Π) for a RACSDC representation Π of GL3(AF ) with trivial in-
�nitesimal character and such that ⊗v∈Σ+

p
σ(τv) is a K-type for ⊗v∈Σ+

p
Πv.

Then r is automorphic.

In Theorem 4.5, we do not assume that r|GFw
is semisimple nor do we make

any potential diagonalizability assumptions. We also allow any tame type, not
just principal series types. Assumption (1) can be relaxed to the condition that
p is unrami�ed in F+. This requires new automorphic techniques which will
be discussed in �4.3. We believe also that the genericity assumptions on the
type τ can be weakened.

4.3. Breuil's Lattice conjecture in dimension three. � In this sec-
tion we are addressing a problem in local-global compatibility for the integral
cohomology of arithmetic manifolds, and which can be viewed as a three-
dimensional version of Breuil's lattice conjecture ([Bre14], Conjecture 1.2, now
a theorem by the work of [EGS15]). The di�culties which arise are mainly on
the representation-theoretic side, and we develop new techniques -a mixture of
local and global methods- to classify lattices in tame types.

4.3.1. Breuil's lattice conjecture. � Motivated by Emerton's local-global com-
patibility for completed cohomology, [CEG+16] constructs a candidate for one
direction of the p-adic local Langlands correspondence for GLn(L). Namely,
they associate to any continuous n-dimensional Qp-representation ρ of GL
an admissible Banach space representation V (ρ) of GLn(L) by patching com-
pleted cohomology. However, the construction depends on a choice of global
setup, and one expects it to be a deep and di�cult problem to show that the
correspondence ρ 7→ V (ρ) is purely local.

In [Bre14], Breuil formulates a conjecture on lattices in tame types cut out
by completed cohomology of Shimura curves which is closely related to the
local nature of V (ρ). This conjecture was proven subsequently in the ground-
breaking work of Emerton�Gee�Savitt [EGS15]. The �rst main theorem of
this section is a generalization of Breuil's conjecture to three-dimenional Galois
representations and the completed cohomology of U(3)-arithmetic manifolds.

We keep the global input of �3. In particular F/F+ is a CM extension which
we moreover assume to be everywhere unrami�ed and we have �xed a prime
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Table 1. Shapes of Kisin modules over F

Shape Mat(ϕM) Shape Mat(ϕM)

αβαγ

 v2c∗11 0 0
v2c21 vc∗22 0

c31v + c′31v
2 vc32 c∗33

 βγαγ

vc∗11 vc12 0
0 v2c∗22 0
vc31 c32v + c′32v

2 c∗33



βαγ

 0 vc∗12 0
v2c∗21 0 0

vc31 + v2c′31 vc32 c∗33

 αβγ

 v2c∗11 0 0
vc21 + v2c′21 0 c∗23

v2c31 vc∗32 0



αβα

 0 0 vc∗13

0 vc∗22 vc23

vc∗31 vc32 vc33



αβ

 0 0 vc∗13

vc∗21 0 vc23

0 vc∗32 vc33

 βα

 0 vc∗12 0
0 0 vc∗23

vc∗31 vc32 vc33



α

 0 vc∗12 0
vc∗12 vc22 0

0 0 vc∗33

 id

vc∗11 0 0
0 vc∗22 0
0 0 vc∗33


In this table we classify mod p Kisin modules M with tame generic
descent data according to their shapes. In particular, the second and
fourth column describe the matrix of the Frobenius on M for a con-
venient choice of an eigenbasis on M. Recall that α, β, γ are the
standard generators of the a�ne Weyl group of SL3, where α and β
correspond to permutations (12), (23) and γ corresponds to a transla-
tion by the longest root followed by a permutation by (13). Moreover

we have cik, c
′
ik ∈ F and c∗ik ∈ F

×
.
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Table 2. Deformation rings with monodromy

Shape Condition on M R
(2, 1, 0),τ
ρ

αβαγ c31 = 0 O[[x∗11, x
∗
22, x

∗
33, x21, x

′
31, x32]]

βγαγ (e− b+ c)c32c
∗
11 = (e− a+ c)c12c31 O[[x∗11, x

∗
22, x

∗
33, x12, x31, x

′
32]]

βαγ c31 = 0 O[[y11, y22, x
∗
12, x

∗
21, x

∗
33, x

′
31, x32]]/(y11y22 − p)

αβγ c21 = 0 O[[y22, y33, x
∗
11, x

′
21, x

∗
23, x

′
31, x

∗
32]]/(y22y33 − p)

αβα (a− b)c23c32 − (a− c)c∗22c
′
33 6= 0 O[[x32, x23, x

′
33, x

∗
31, x

∗
22, x

∗
13]]

αβα (a− b)c23c32 − (a− c)c∗22c
′
33 = 0 O[[x11, x32, x23, y

′
33, x

∗
31, x

∗
22, x

∗
13]]/(x11y

′
33 − p)

αβ c′33 6= 0 O[[y31, x22, x
′
23, x

′
33, x

∗
21, x

∗
13, x

∗
32]]/(y31x22 − p)

αβ c′33 = 0 O[[y31, x22, x12, x
′
23, y

′
33, x

∗
21, x

∗
13, x

∗
32]]/(y31x22 − p, x12y

′
33 − p)

βα c32 6= 0 O[[x′22, y13, x32, x
′
33, x

∗
31, x

∗
12, x

∗
23]]/(x′22y13 − p)

βα c32 = 0 O[[x11, x
′
22, y32, y13, x

′
33, x

∗
31, x

∗
12, x

∗
23]]/(x′22y13 − p, x11y32 − p)

For each shape of length ≥ 2 we describe the potentially crystalline
deformation ring with tame, generic descent data. For each shape,
the coe�cients cij in the second column are those appearing in the
corresponding row in Table 1. In the third column we put a formally
smooth modi�cation of the potenially crystalline deformation ring of
ρ, with tame type τ and Hodge-Tate weights (2, 1, 0).

v|p of F+ which splits completely v = wwc in F . Let r : GF → GL3(Qp) be a
continuous Galois representation and λ be the Hecke eigensystem correspond-
ing to r, which appears in the cohomology of a U(3)-arithmetic manifold. Let

S̃(Uv,O) be the integral v-adically completed cohomology. One expects com-
pleted cohomology to realize a global p-adic Langlands correspondence gen-

eralizing the case of GL2(Q), that is, S̃(Uv,O)[λ] corresponds to r|GFw
via a
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hypothetical p-adic local Langlands correspondence. In particular, the globally

constructed object S̃(Uv,O)[λ] should depend only on r|GFw
.

Suppose that r is minimally rami�ed away from p and tamely potentially
crystalline with Hodge�Tate weights (0, 1, 2) at each place above p. Suppose
that τ corresponds to the Weil�Deligne representations associated to r|GFw

under the inertial local Langlands correspondence. If r is modular, then by
classical local-global compatibility, τ appears as a GL3(OFw) subrepresentation

of S̃(Uv,O)[λ][1/p], with multiplicity one.

Theorem 4.6 ([LLHLMc]). � Assume that p is unrami�ed in F+, and that
r satis�es Taylor�Wiles hypotheses, has split rami�cation, and is semisimple
and su�ciently generic at places above p. Then, the lattice

τ0 := τ ∩ S̃(Uv,O)[λ] ⊂ τ

depends only on r|GFw
.

We also prove the following �mod p multiplicity one� result:

Theorem 4.7 ([LLHLMc]). � With hypotheses as in Theorem 4.6, let τσ be
a lattice in τ such that the reduction τ has a irreducible upper alcove cosocle,
then HomKv(τ , S(Uv,F)[λ]) is one dimensional.

These theorems should be compared to Theorem 8.2.1 and Theorem 10.2.1
in [EGS15] in dimension two. (In the special case where p is split in F+ and
r is irreducible above p, these were �rst proven by Daniel Le in [Le]).

The main ingredients used in [EGS15] are the Taylor�Wiles patching method,
the geometric Breuil�Mézard conjecture for potentially Barsotti�Tate Galois
deformation rings (building on work of [Bre14]), and a classi�cation of lat-
tices in tame types (extending [Bre14, BP12]). Before the work [LLHLMc],
only the �rst of these tools was available in the case of GL3. The analogue
of potentially Barsotti�Tate Galois deformation is potentally crystalline defor-
mation rings with Hodge�Tate weights (2, 1, 0). In [LLHLMb], we develop a
technique for computing these Galois deformation rings with tame descent. We
discuss in �4.3.2 the geometric Breuil�Mézard conjecture for these rings. The
representation theoretic results are discussed in �4.3.3.

It is worth mentioning several key di�erences which distinguish our situation
from [EGS15]. Breuil's conjecture for GL2 gave an explicit description of the
lattice τ0 in terms of the Dieudonné module of r|GFw

. We prove abstractly that

τ0 is �purely local� but without giving any explicit description of the lattice.
The lattice τ0 is determined by the parameters of the Galois deformation ring
but in a complicated way.

Let τσ be a lattice in τ whose reduction has irreducible cosocle σ. To prove
Theorem 4.7, we show that a certain (minimal) patched moduleM∞(τσ) is free
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of rank one over the local Galois deformation ring (with patching variables)
R∞(τ). In fact, this result is also a key step in our proof of Theorem 4.6. In
[EGS15], the analogue of this result is Theorem 10.1.1 where they show that
the patched module of any lattice with irreducible cosocle is free of rank 1.
In our situation, it is no longer true that all such patched modules are cyclic.
Rather, this is only true when the cosocle σ is upper alcove in every embedding.
As a consequence of this, one can deduce that the isomorphism class as an
R∞(τ)-module of M∞(τσ) is purely local for any lattice τσ, however, it need
not be free.

For the proof that M∞(τσ) is free of rank one when σ is upper alcove, we
induct on the complexity of the deformation ring. The simplest deformation
rings resemble those for GL2 and so we follow the strategy similar to [EGS15].
For the most complicated deformation rings, we build up M∞(τσ) from its
subquotients relying on the description of the submodule structure of reduction
τσ discussed in 4.3.3 and crucially intersection theory results for components
of mod p �ber of the Galois deformation ring.

4.3.2. Serre weight and Breuil�Mézard conjectures. � We now get back to
the global setting in 4.2.2, with the weaker assumption that p is unrami�ed in
F+, and all places v|p of F+ split completely in F . In what follows we �x a
�nite place v|p of F+ as well as a �nite place w|v of F .

We �x a mod p Galois representation r : GF → GL3(F) whose corresponding
Hecke eigensystem mr appears in the mod p cohomology of a U(3)-arithmetic
manifold. One expects S(Uv,F)[mr] to correspond to r|GFw

via a hypothetical
mod p local Langlands correspondence. Furthermore, if we let Ww(r) be the
set of irreducible GL3(Zp)-representations whose duals occur in the GL3(Zp)-
socle of S(Uv,F)mr and r|GFw

is tamely rami�ed, [Her09, GHS] predict that

Ww(r) = W ?(r|GFw
), for some set W ?(r|GFw

) explicitly de�ned in terms of
r|IFw

.
We have the following version of the weight part of Serre's conjecture:

Theorem 4.8 ([LLHLMc]). � Assume that p is unrami�ed in F+, and that
r satis�es Taylor�Wiles hypotheses, has split rami�cation, and is semisimple
and su�ciently generic at places above p. Then Ww(r) = W ?(r|GFw

).

In [LLHLMb], we proved this theorem with the additional assumption that
p is split in F+. The strategy is to show the numerical Breuil�Mézard conjec-
ture for the simplest deformation rings (shape has length at least two) using
[LLHLMb, �6.2]. The key new tool is a more conceptual and robust combina-
torial technique for computing the intersection between the predicted weights
W ?(r|GFw

) and the Jordan�Hölder factors of a type. This allows us to induc-
tively prove that all predicted weights are modular.
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Using a patching functor which is constructed globally, we show that the
generic �bers of tamely potentially crystalline deformation rings of Hodge�
Tate weight (0, 1, 2) are connected for ρ generic and deduce the full numerical
Breuil�Mézard conjecture for these Galois deformation rings (all multiplicities
for modular Serre weights are one). Using the numerical formulation, we prove
the following geometric version of the Breuil�Mézard conjecture (cf. [EG14]).

Theorem 4.9 ([LLHLMc]). � There is a unique assignment σ 7→ p(σ) tak-
ing Serre weights σ ∈ W ?(r|GFw

) to prime ideals in the unrestricted deforma-

tion ring R2
r|GFw

such that the special �ber Spec (R
τ,2
r|GFw

) of a generic tamely

potentially crystalline deformation ring of Hodge�Tate weight (0, 1, 2) is the
reduced underlying subscheme of⋃

σ∈W ?(r|GFw
)∩JH(τ)

Spec (R2
r|GFw

/p(σ)).

Moreover, this is compatible with any patching functor.

4.3.3. Representation theory results. � In order to deduce Breuil's lattice con-
jecture from the Breuil-Mézard conjecture we need and prove new results on
integral structures in Deligne-Lusztig representations, which may be of inde-
pendent interest. The main result is a classi�cation of integral lattices with
irreducible cosocle in tame types, by means of an extension graph, which plays
a key role in the proofs of our results on modular representations theory.

We now brie�y describe the extension graph. In [LLHLMc, �2], we intro-
duce a graph on the set of regular Serre weights (with �xed central character),
with vertexes corresponding to regular Serre weights and adjacency between
vertexes described in a combinatorially explicit way. We then show that two
vertexes are adjacent if and only if the corresponding Serre weights have a non-
trivial GL3(Fq)-extension between them, justifying the terminology. This gives
a natural notion of graph distance dgph between two regular Serre weights.

Theorem 4.10 ([LLHLMc]). � The Jordan�Hölder factors of τ occur with
multiplicity one. Suppose that σ, σ′ ∈ JH(τ) and that dgph(σ, σ′) = d. Then

1. σ′ is a direct summand of the d-th layer of the cosocle �ltration of τσ;
2. every extension that might occur between layers of the cosocle �ltration of
τσ described in (1) does occur; and

3. if τσ
′ ⊆ τσ is a saturated inclusion of lattices, then pdτσ ⊆ τσ

′
is also a

saturated inclusion of lattices.

The argument is involved, using a mixture of local and global techniques,
but we can distinguish two main steps in its proof. In the �rst step we prove the
�rst two items of Theorem 4.10 in the case when σ is a lower alcove weight of
defect zero. The proof uses methods from the modular representation theory
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of algebraic groups, embedding τσ in a Weyl module with non-p-restricted
highest weights. The key local argument is a careful study of the restriction of
algebraic representations to rational points, letting us constrain the submodule
structure of the relevant part of a Weyl module restricted to GL3(Fq) in terms
of the extension graph. This method does not work for all weights σ ∈ JH(τ),
as the corresponding lattices will not always have simple socle, and thus can
not be embedded into a Weyl module.

In the second step, we reduce the theorem for the remaining lattices to the
case treated in the �rst step. We relate the �rst two items and the last item of
Theorem 4.10. The last item, a statement in characteristic zero, is amenable to
an inductive analysis. First, we show that for a �xed weight σ ∈ JH(τ), item
(3) of Theorem 4.10 actually implies the other two items. This crucially uses
Theorem 4.10(3) in the case d = 1, which is proved using the computation
of deformation rings in [LLHLMb], combinatorics of modular weights, and
the Kisin�Taylor�Wiles patching method. This argument follows the sugges-
tion in [EGS15], �B.2 that tamely potentially crystalline deformation rings
strongly re�ect aspects of local representation theory through global patching
constructions.

Next, we show that the �rst two items of Theorem 4.10 applied to τ and
its dual in the case of lower alcove defect zero weights imply Theorem 4.10(3)
in the case of lower alcove defect zero weights. From this as a starting point,
an inductive argument proves Theorem 4.10(3), thus concluding the proof of
Theorem 4.10.
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5. Some perspectives

5.1. The mod-p local correspondence for GL2(L). � In future research
we plan to investigate the local correspondence for Hilbert modular forms. This
has already been undertaken in collaboration with B. Schraen.

As a �rst step, we study �natural� procedures to associate (ϕ,Γ)-modules
to smooth GL2(L)-representations, for an unrami�ed extension L/Qp. In on-
going work ([MS]) we compare Breuil's construction [Bre11] with the current
conjectures on the mod-p local Langlands for supersingular representations.

Proposed Theorem 5.1 ([MS]). � Let ρ : GL → GL2(F) be a semisimple
Galois representation. Let π(ρ) be any of the smooth representations associated
to ρ by Breuil and Paskunas ([BP12], Theorem 1.5).

If f ≤ 3 and ρ is suitably generic, then

ind
⊗Qp

L (ρ) ↪→ V (π(ρ))

where V denotes the generalized Montréal functor of [Bre15a] and ind
⊗Qp

L (ρ)
is the tensor induction of ρ.

Our procedure crucially relies on a deep understanding of certain �nite
length GL2(OL)-representations (the natural generalization of those provided
by [Mor11]), local/global compatibility conjectures and the properties of func-
tors on F -torsion modules over F[[Zp]].

We aim at giving a more conceptual insight to the computations in [MS],
with special emphasis to those representations appearing in the cohomology of
algebraic automorphic forms. In particular, by suitably generalizing the anal-
ysis of the weight spaces of irreducible GL2(Fq)-representation and using the
necessary genericity assumption to have multiplicity one, we hope to obtain

Proposed Theorem 5.2 ([MS]). � Let ρ : GL → GL2(F) be a semisimple
Galois representation. Let π(ρ) any of the smooth representations associated
to ρ by Breuil and Paskunas ([BP12], Theorem 1.5). Then V (π(ρ)) contains

a direct summand of ind
⊗Qp

L (ρ). In particular, V (π(ρ)) 6= 0.

Moreover, if the inertial weights ri of ρ verify f
2 < ri < p− f

2 , then

ind
⊗Qp

L (ρ) ↪→ V (π(ρ))

The problem of whether the injection is an isomorphism is extremely subtle.
It relies on the torsion properties of the torsion F -module which is naturally
attached to a smooth GL2(L)-representation. Under suitable bounds on the
torsion submodule we strongly believe the isomorphism holds true, but due to
the huge number of parameters appearing in supersingular representations it is
currently unclear how to impose the F -torsion requirement in purely represen-
tation theoretical terms. The language of derived geometry, especially having
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an explicit realization of these parameters in terms of homological dimension
of supersingular reprsentation, would be of particular relevance.

5.2. Local-global compatibility. � The non-semisimple cases in Serre-
type conjectures are of substantial interest in the emerging p-adic and mod
p Langlands program: in the case of GL2 this has been initiated by Breuil,
exhibiting the interesting combinatorial and representation theoretic structure
which are the foundation of [BP12] on mod p Langlands for GL2(L).

Remark 5.3 ([LLHLMd]). � In the ongoing work [LLHLMd] we are for-
mulating conjectural sets of weights W ?(ρ) for non-semisimple ρ : GL →
GL3(F), investigate the structure of W ?(ρ) ⊂ W ?(ρss), explore patterns for
GL3, trying to highlight the behavior of a mod p Langlands correspondence in
the unrami�ed generic setting.

Note that in the non-semisimple case the set of modular weights is not
described in terms of mod p reduction of automorphic types. We expect a
geometric description in terms of shapes and closure relations in the Bruhat
strati�cation of a local model. To this aim we de�ne a notion of admissible
shapes, and prove the semicontinuity of shapes (hence the realization of geo-
metric weights in terms of closure relations). An explicit computation on Schu-
bert cells shows that the admissible shapes specialize to any other admissible
shape with strictly lower length.

Another research direction is focused in developing a �monodromy local
model� M∇ which is obtained as the p-saturation of the equations issued from
the algebraic monodromy conditions on the local modelM introduced by Kisin.

By results of Elkik ([Elk73]) the specializations of M∇ surject onto the
Galois deformation spaces. Moreover, M∇ is topologically �at and its generic
�ber is isomorphic to a �ag variety ([LLHLMa]). The key problem is to prove
it is �unibranch�, and for that we suggest a strategy which is reminescent of
the proof of the coherence conjecture of Pappas and Rapoport [Zhu14].

Aiming at a deeper understanding of the mod p local Langlads correspon-
dence, we plan to develop the results of [LMS] to both the rami�ed and higher
higher rank.

In the rank 2 case the goal would be a better understanding of the behavior
of cohomological supersingular representation at a deeper congruence level.
To this aim, we plan to give a detailed study of the submodule structure of
projective envelopes in terms of the extension graph introduced in [LLHLMb].
It turns out that the extension graph allows one to describe the structure of
wildly rami�ed, principal series types, in a similar way as it did already in the
case of tame types. We expect this analogy to hold true also for cuspidal types,
hence leading to a struture theorem for rami�ed projective envelopes. We would
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hope to deduce a freeness result for the patched module of aK/K(n)-projective
envelope of a weight, following the techniques of [LMS].

In higher dimension we also expect a full characterization of the K(1)-
invariants for U(3)-arithmetic manifolds. We expect the multiplicities of weights
to depend explicitly on the p-restricted alcove the weight belongs to. More im-
portantly, we expect the K(1)-invariants to depend only on the local Galois
parameter at p. In the following proposed theorem we keep the general global
setting recalled at the beginning of 3.

Proposed Theorem 5.4 ([LLHM]). � Keep the assumptions of Theorem
4.4. Assume for simplicity that p splits completely in F . Let σ be a modular
weight for r and write Pσ for the GL3(Fp)-projective envelope of σ.

Then the GL3(Fp)-representation S(KvK(1),F)[mr] depends only on r|GFw

and we have

dim HomF(Pσ, S(KvK(1),F)[mr]) =

{
3 if σ is lower alcove
1 if σ is upper alcove

The proof of the proposed Theorem follows from computations in local rings
attached to su�ciently big subvarieties in the a�ne �ag variety of GL3/Fq

. We
remark that these local rings do not appear as deformation rings attached to
classical automorphic types, but they rather surject onto the usual potentyally
cystalline deformation. In particular these rings contain all modular weights
and we are able to identify which weight correspond to which ideal in the
support of any patched module.

Finally, we aim at developping a mod p Langlands functoriality in the con-
text of unitary groups. Note that for unrami�ed groups a notion of modular
Serre weights has been introduced in [GHS]; for semisimple Galois parame-
ters the set of modular weights can again be recovered in terms of automorphic
types. In ongoing work with K. Koziol we introduce the notion of base change
for Serre weight. This notion is compatible with the classical automorphic base
change for unitary groups; in particular in the rank one case (building on the
classical work of Rogawski [Rog90]) this compatibility let us deduce the weight
part of Serre conjecture for unrami�edU(1, 1) from the analogous result of Gee
and collaborators on Hilbert modular forms (cf. [GLS14]):

Proposed Theorem 5.5 ([KM]). � Let F/F+ be a CM �eld where p is un-
rami�ed and let r : GF+ → CU2(F) be a continuous, absolutely irreducible Ga-
lois representation such that d◦r = ω (here, CU2(F) denotes the cohomological
dual group for the unitary group in two variable U2). Assume r satis�es the
standard Taylor-Wiles conditions and the local parameter at v|p is 2-generic.
Then Wv(r) depends only on r|IQp

as predicted by [GHS] and moreover

F ∈Wp(r) ⇐⇒ BC(F ) ∈Wv(r|GF
).
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For higher rank we are currently studying the behavior of K-types with
respect to automorphic base change, and giving an alternative description of
base change in terms of a�ne Weyl group elements, which is a more suitable
on the Galois representation side (cf. [LLHL]). We expect the procedure of
[KM] to be completely general, and letting us establish a mod p-Langlands
functoriality for Serre weights.
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